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Chapter 1

Introduction

The first look into local limit behavior of sums of sequences of random variables was
taken by A. de Moivre in 1718 [69] and P. S. de Laplace in 1812 [59]. But the study
of Local Limit Theorems (LLTs) hadn’t drew further attention until it was revisited
by von Mises in 1931 [104].

B. V. Gnedenko [47], in 1948, proved a LLT for the sequences of i.i.d. lattice
random variables and its refinements in several aspects. A multi-dimensional ver-
sion of Gendenko’s Theorem was proved by E. Rvačeva in 1954 [86]. The LLTs for
sums of non-identically distributed independent random variables were studied by
Yu. Prokhorov [83], Yu. Rozanov [84], N. Gamkrelidze [45], A. Mukhin [73], D. Mc-
Donald [64][65], and others from 1954 to recent years.

A remarkable refinement of the LLTs are the so-called Integro-Local Limit The-
orems (I-LLTs), first obtained by C. Stone in 1965 [98]. The I-LLTs are superior
in the sense that the CLTs and the LLTs can be deduced from the I-LLTs but not
vice versa. In terms of precision, the I-LLTs are much stronger than the CLTs: the
I-LLTs have the same accuracy as LLTs but without making any assumptions about
the existence of densities. Most of the work done on the I-LLTs in the 20th century
is due to C. Stone, and refinements were mainly studied by A. A. Borovkov starting
from 1999. To the best of my knowledge, all studies for the I-LLTs that have ap-
peared so far are restricted to the case of sums of i.i.d. random vectors, except for
one work on the triangular array scheme by A. A. Borovkov in 2011 [20].

In this research project, we derived some Integro-local theorems for sums of non-
identically distributed random vectors involved in a growing point process model
developed from the Neyman contagious model. The process starts with an initial
configuration of random points X0,1, . . . ,X0,k0 in Rd and evolves in the following
way. At each time step n ≥ 1, a “mother” point will be chosen at random from
the existing points with probabilities proportional to the weights of these points.
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2 Chapter 1. Introduction

It is denoted by X∗n−1. Then, kn new points with weights wn,1, . . . , wn,kn will be
added to the process displaced relative to X∗n−1 by the respective random vectors
Yn,1, . . . ,Yn,kn . Under some natural assumptions about the sequences of displace-
ments and weights, we derive the integro-local limit behavior for X∗n. We obtained
results for two different cases of the distribution of Yn,j: lattice and non-lattice. The
derivations involve the use of several results obtained by the previously mentioned
authors, such as B. Gnedenko, E. Rvačeva, C. Stone and D. McDonald.



Chapter 2

From Local to Integro-Local Limit
Theorems

The study of Local Limit Theorems was originally inspired by B. Pascal and J. Bernoulli’s
works published in 1665 [76] and 1713 [10], respectively. They proved that the
p.m.f. of the binomial distribution has the form

(
n
m

)
pm(1− p)n−m for p ∈ (0, 1) and

m = 0, 1, . . . , n, based on which J. Bernoulli proved the first Law of Large Numbers
(LLN) in history.

Inspired by J. Bernoulli’s work, A. de Moivre in 1738 [70] and P. S. de Laplace
in 1812 [59] proved the first Local Limit Theorem (LLT), and hence the first Integral
Limit Theorem (ILT), both in the case of the binomial distribution. We will discuss
these results in Section 2.1.

In 1948, B. V. Gnedenko [47] proved a LLT that holds for sums of independent
and identically distributed (i.i.d.) random variables with a lattice distribution in
the domain of attraction of a stable law. A version of this theorem in the multi-
dimensional case was proved by E. Rvačeva [86]. We will discuss these results and
their further refinements in Section 2.2.

As a remarkable refinement of the LLTs, C. Stone [98] proved in 1965 a LLT that
is applicable to i.i.d. sequences with a non-lattice distribution and then extended the
scope to any distribution in 1966 [99]. This is called the Integro-local limt Theorem
(I-LLT) which is superior to both the LLT and ILT. We will discuss these results
and their further refinements in Section 2.3.

Several results presented in Section 2.2 and 2.3 will play essential role in the
derivations in Chapter 4.

3



4 Chapter 2. From Local to Integro-Local Limit Theorems

2.1 The First LLT: De Moivre-Laplace

In this section, we consider a binomial distribution with parameters n and p. In 1738,
A. de Moivre [70] was the first to study the behaviour of the local probabilities as a
function of k, for large n, in a particular case when p = 1/2. In 1812, P. S. de Laplace
[59] extended A. de Moivre’s results to the general case of p ∈ (0, 1). Although A. de
Moivre and P. S. de Laplace didn’t use the modern language term “Bernoulli trials”,
the basic model they set up was the same. These are best expressed in terms of
random variables and of the probabilities of events connected with them.

Consider a (discrete) probabilistic model of n independent experiments with two
outcomes, each or a Bernoulli scheme, constructed on the probability space

(Ωn,An,Pn) with Ωn = {ω : ω = [a1, . . . , an], ai = 0, 1},

An = {A : A ⊆ Ωn}, Pn (ω) = p
∑
aiqn−

∑
ai (q = 1− p, ω ∈ Ωn),

(2.1)

where p is a constant in (0, 1). We introduce Bernoulli random variables ξn1, . . . , ξnn

by taking ξni(ω) = ai, i = 1, . . . , n, where ω = [a1, . . . , an]. It follows from (2.1)
that the Bernoulli random variables ξni(ω) are i.i.d. with Pn(ξni = 1) = p and
Pn(ξni = 0) = q, for i = 1, . . . , n. It is natural to think of ξni as describing the
result of an experiment at the i-th stage. We are interested in the sum of ξni up to
some stage k ≤ n. Put Sn0(ω) ≡ 0 and Snk = ξn1 + · · · + ξnk, for k = 1, . . . , n. For
notational simplicity, we will write Sn for Snn, P for Pn, and E for En. As a sum of
n i.i.d. Bernoulli random variables with success probability p, we know that Sn has
distribution Binomial(n, p) and hence has the p.m.f.1

Pn(k) := P(Sn = k) =

(
n

k

)
pkqn−k =

n!

k!(n− k)!
pkqn−k, k = 0, . . . , n, (2.2)

for any n ≥ 1. From above, we know that ESn = np and consequently

E
Sn
n

= p. (2.3)

In other words, the mean value of the frequency of “success” ( i.e., Sn/n), coincides
with the probability p of success. Hence we are led to ask the following question:

[Q1] How much does the frequency Sn/n of success differ from its probability p?

It turns out that this question is not simple: one cannot expect that there will exist a
small ε ∈ (0, 1) such that for all ω ∈ Ωn, for sufficiently large n, the deviation of Sn/n

1The expression (2.2) for probabilities of {Sn = k} was firstly derived by Pascal [76] in 1665 for
a special case when p = 1/2. Jacob Bernoulli [10] in 1713 proved (2.2) is valid for any p ∈ (0, 1).



2.1. The First LLT: De Moivre-Laplace 5

from p is less than ε. One can see this is impossible simply from the observations
P(Sn/n = 1) = pn > 0 and P(Sn/n = 0) = qn > 0 for any n ∈ N and p ∈ (0, 1).
Nevertheless, for large n, it is natural to expect that the probability of the event
{ω : |Sn(ω)/n− p| > ε} is small. It was proved by J. Bernoulli 2 [10] in 1713 that,
for any fixed ε > 0, as n→∞, this probability vanishes:

P
(∣∣∣∣Snn − p

∣∣∣∣ > ε

)
=

∑
{k: |k/n−p|>ε}

Pn(k)→ 0. (2.4)

This is a special case of what is nowadays called the weak law of large numbers
(WLLN) in the Bernoulli scheme, denoted as Sn/n

p→ p as n→∞.
But (2.4) hasn’t yet fully answered question [Q1]. It is still unclear to us what

region In will the probability mass of Sn/n− p be concentrated in, for n sufficiently
large. And concerning this region In, as n→∞, we can further ask:

[Q2] How will the local probabilities Pn(k) behave as a function of k?

The two above questions were firstly answered by A. de Moivre [70] in 1738 for
a particular case when p = 1/2 and extended to the case of general p ∈ (0, 1)

by P. S. de Laplace [59] in 1812. The idea is to first make an educated guess of
the region In from the WLLN (2.4). Recall that, inspired by (2.3), J. Bernoulli
proved (2.4) to be true. Under a similar idea, together with the observation that
E (Sn/n− p)2 = (pq)/n, it is reasonable to expect that, for any x ∈ R, the relation

P
(∣∣∣∣Snn − p

∣∣∣∣ > x

√
pq

n

)
→ ε(x) as n→∞ (2.5)

will hold, where ε(x) ≥ 0 is small and the LHS, by (2.2), equals

P
(∣∣∣∣Sn − ESn√

VarSn

∣∣∣∣ > x

)
=

∑
{k: |(k−np)/√npq|>x}

Pn(k). (2.6)

The region of summation on the RHS of (2.6) indicates that a reasonable guess of
the region In is the set {k : |k − np| = O

(√
npq
)
}.

For those k satisfying |k−np| = O
(√

npq
)
, A. de Moivre (p = 1/2) and P. S. de

Laplace (p ∈ (0, 1)) derived the asymptotic behaviour of Pn(k). A proof can be
found in W. Feller’s book [39] or Y. G. Sinai’s book [91, pp. 30–32].

As a refinement, it was shown (by asymptotic expansion) that the same asymp-
totic behavior of Pn(k) will still hold for those k in the slightly enlarged region

2This is the first limit theorem in proabibility theory. It appeared in the fourth part of Ars
conjectandi [10] which later has many impacts on A. de Moivre’s work. A English version see [11],
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{
k : |k − np| = o (npq)2/3

}
. A proof can be found in A. N. Shiryaev’s book [90,

pp. 55–57]. One can see that the orginal version and the refined version can be
proved by essentially the same argument. So, we will only present the refined ver-
sion.

Theorem 2.1 (the De Moivre-Laplace Local Limit theorem). Let 0 < p < 1, then

P(Sn = k) ≡ Pn(k) =
1√

2πnpq
e−(k−np)2/(2npq) (1 + ε(n, k)) , (2.7)

where the remainder term ε(n, k)→ 0 as n→∞ uniformly in k such that |k−np| =
o (npq)2/3. Or equivalently, for ∆(n) = o (npq)2/3, one has

sup
{k:|k−np|≤∆(n)}

∣∣∣∣∣ Pn(k)
1√

2πnpq
e−(k−np)2/(2npq)

− 1

∣∣∣∣∣→ 0, as n→∞. (2.8)

Proof. The proof starts with applying Stirling’s formula 3

n! =
√

2πne−nnn (1 +R(n)) , where lim
n→∞

R(n) = 0, (2.9)

to the binomial coefficient
(
n
k

)
= n!

k!(n−k)!
in (2.2). Then if n → ∞, k → ∞ and

n− k →∞, we have

n!

k!(n− k)!
=

√
2πne−nnn√

2πke−kkk ·
√

2π(n− k)e−(n−k)(n− k)n−k
1 +R(n)

(1 +R(k))(1 +R(n− k))

=
1√

2πn k
n

(
1− k

n

) 1(
k
n

)k (
1− k

n

)n−k (1 + ε0(n, k)) ,

where ε0 = ε0(n, k) satisfies 1 + ε0(n, k) = 1+R(n)
(1+R(k))(1+R(n−k))

. From (2.9), one has
ε0 → 0 if n → ∞, k → ∞ and n − k → ∞. Therefore, after changing of variable
p̂ = k/n, (2.2) becomes

Pn(k) =
1√

2πnp̂(1− p̂)

(
p

p̂

)k (
1− p
1− p̂

)n−k
(1 + ε0)

=
1√

2πnp̂(1− p̂)
exp {−nH (p̂)}(1 + ε0),

3This formula was firstly discovered by A. de Moivre with an unsolved constant scale and named
after Stirling for his contribution in showing that the constant is

√
2π. Stirling’s formula is well-

studied in the literature. For example, one can find classical proofs in W. Rudin’s Principles of
Mathematical analysis [85, pp. 195] or in R.C. Buck’s Advanced Calculus [30, pp. 216–218]; a proof
requiring very little mathematical background by Feller [38]; two easy proofs in [17]; a probabilistic
proof using the classical CLT appeared in 1971 [56].
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where H (x) := x ln x
p

+ (1− x) ln 1−x
1−p .

Since we are considering values of k such that |k − np| = o(npq)2/3 which guar-
antees p − p̂ → 0, n → ∞, it is natural to write H(p̂) in the form H(p + (p̂ − p))
and use Taylor’s expansion about p. One has

H(p̂) = H(p) +H ′(p)(p̂− p) +
1

2
H ′′(p)(p̂− p)2 +O

(
|p̂− p|3

)
=

1

2

(
1

p
+

1

q

)
(p̂− p)2 +O

(
|p̂− p|3

)
,

where the last relation is obtained by substituting the derivatives H ′(x) = ln (x/p)−
ln [(1− x)/(1− p)], H ′′(x) = 1/x+1/(1−x) and H ′′′(x) = −1/x2 +1/(1−x)2 which
hold for 0 < x < 1. Consequently, one has

Pn(k) =
1√

2πnp̂(1− p̂)
exp

{
− n

2pq
(p̂− p)2

}
exp

{
nO
(
|p̂− p|3

)}
(1 + ε0)

By noticing that n (p̂− p)2 = n (k/n− p)2 = (k − np)2 /n, one has

Pn(k) =
1√

2πnpq
e−(k−np)2/(2npq) (1 + ε(n, k))

where 1 + ε(n, k) = (1 + ε0(n, k)) exp {nO (|p̂− p|3)}
√
p(1− p)/[p̂(1− p̂)].

To complete the proof, it suffices to observe that if ∆(n) = o(npq)2/3, then
sup{k: |k−np|≤∆(n)}|ε(n, k)| → 0 as n → ∞, since for these values of k, all three
quantities k, n− k and n tend to infinity.

An equivalent form of the De Moivre-Laplace LLT 2.1 can be obtained by chang-
ing of the variables setting x := (k − np)/√npq.

Corollary 2.2. Let 0 < p < 1, then for all x ∈ R such that x = o(npq)1/6 and
np+ x

√
npq is an integer from the set {0, 1, . . . , n}, one has

P
(
Sn − ESn√

VarSn
= x

)
= Pn(np+ x

√
npq) =

1√
2πnpq

e−x
2/2 (1 + ε(n)) , (2.10)

where ε(n)→ 0 as n→∞. Or, equivalently, for Λ(n) = o(npq)1/6, one has

sup
{x: |x|≤Λ(n)}

∣∣∣∣∣Pn(np+ x
√
npq)

1√
2πnpq

e−x2/2
− 1

∣∣∣∣∣→ 0, as n→∞. (2.11)

As a natural consequence of the First Local Limit Theorem 2.1, Laplace [59]
also proved the following corollary which is the first Integral Limit Theorem in
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Probability theory.

Corollary 2.3 (the De Moivre-Laplace Integral Limit Theorem). Let 0 < p < 1.
Then

sup
−∞≤a<b≤∞

∣∣∣∣∣ ∑
a<x≤b

Pn(np+ x
√
npq)− 1√

2π

∫ b

a

e−x
2/2dx

∣∣∣∣∣→ 0 as n→∞, (2.12)

where the summation is over those x such that np+ x
√
npq ∈ Z. Or, equivalently,

sup
−∞≤a<b≤∞

∣∣∣∣∣P
(
a <

Sn − ESn√
VarSn

≤ b

)
− [Φ (b)− Φ (a)]

∣∣∣∣∣→ 0 as n→∞, (2.13)

where Sn ∼ Binomial(n, p) and Φ is the c.d.f. of the standard normal distribution.

Sketch of the proof. We start with considering the case when (a, b] is bounded such
that there exists a T > 0 such that (a, b] ⊆ [−T, T ]. Then by summing up (2.10) over
x ∈ (a, b] satisfying np+x

√
npq ∈ Z, and applying Riemann sum approximation with

increment size 1/
√
npq, one obtains that (2.13) holds uniformly in such a, b. Then,

for the case when (a, b] is unbounded, fix an ε > 0, find a T = T (ε) such that Φ(T )−
Φ(−T ) > 1−ε/4, and find anN ≥ 1 such that

∣∣P (a < (Sn − ESn)/(
√
VarSn) ≤ b

)
−

[Φ (b)− Φ (a)]
∣∣ < ε/4 holds uniformly for n ≥ N and −T ≤ a < b ≤ T . By the

triangle inequality,
∣∣P (a < (Sn − ESn)/(

√
VarSn) ≤ b

)
− [Φ (b)− Φ (a)]

∣∣ ≤ ε holds
uniformly for −∞ ≤ a ≤ −T < T ≤ b ≤ ∞. But ε > 0 was arbitrarily chosen, so
combining these two will give us (2.13).

Remark 2.4. It is natural to ask how fast the convergence in (2.13) is, as n→∞. In
1941-2, A. C. Berry [13] and C. G. Esseen [36] independently obtained the following
result, which is called the Berry–Esseen Theorem. For any sum of independent
random variables X1, . . . , Xn, each with zero mean, and respective variance σ2

k and
E|Xk|3 <∞, one has

sup
−∞≤x≤∞

∣∣∣∣∣P
( ∑n

k=1Xk√∑n
k=1 σ

2
k

≤ x

)
− Φ(x)

∣∣∣∣∣ ≤ C
∑n

k=1 E|Xk|3

(
∑n

k=1 σ
2
k)

3/2
. (2.14)

A proof thereof can be found in V. V. Petrov’s book [80, pp. 109–120]. One can see
that, in the special case when Xk are i.i.d., the upper bound in (2.14) equals CE|X1|3

σ3
1

√
n
.

Applying (2.14) in our case of Sn ∼ Binomial(n, p) in Corollary 2.3, one has

sup
−∞≤x≤∞

∣∣∣∣∣P
(
Sn − ESn√

VarSn
≤ x

)
− Φ(x)

∣∣∣∣∣ ≤ C(p2 + q2)
√
npq

, (2.15)
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where the constant C was initially estimated to be 7.59 in 1942, improved to 0.4785

by I. S. Tyurin [103] in 2010. But it has been proved that this order of the estimate
(1/
√
npq) cannot be improved, with the lower bound D(p2+q2)√

npq
where D = 0.4097

found by C. G. Esseen in 1956. This means that the approximation in Corollary 2.3
can be poor for values of p that are close to 0 or 1, even when n is large. It
turns out that, for small values of p, instead of the normal distribution, the Poisson
distribution provides a good approximation [90, p. 62].

Further refinements of the De Moivre-Laplace Limit Theorems can be found
in [91, pp. 30–40] and [90, pp. 54–69] and quantitative examples can be found in
W. Feller’s book [39, pp. 187–190].

However, instead of the Local Limit Theorems, it was the area of the Integral
Limit Theorems that was actively studied starting from P. S. de Laplace to the 20th
century, in which period the classical probability theory had been on its way toward
the “modern” one. Especially so after the appearance of A. M. Lyaponov’s proofs
[61] [62] in 1900–1 (translations in [1]); where for the first time the proof of the CLT
using the method of characteristic functions systematically.

Later, Paul Lévy developed the theory of characteristic functions (ch.f.s) and
used it to proof the CLT under very general conditions in around 1925. Due to
the superiority of this “modern” approach to proving to CLTs for non-normal limit
distributions and “non-classical” normings, people tend to use it to replace the “clas-
sical” Laplacian approximation method. See H. Fischer’s book [40] for more on the
history of the CLT.

In the following two sections, we will see how important the appearance of this
method of ch.f.’s was for the development of local and integro-local theorems.

2.2 The Gnedenko and Rvačeva Local Limit theo-

rems

The interest in the Local Limit Theorems (LLTs) for integer-valued random variables
was revived from the 1930s. Von Mises [104] [105] and G. M. Bawly [6] in 1931 and
1937, respectively, generalized the De Moivre-Laplace Theorem to the case of sums
of independent random variables that take integer values and under some additional
conditions.

Based on von Mises and G. M. Bawly’s work, A. N. Kolmogorov made a nat-
ural conjecture that, for a sequence of not only independent but also identically
distributed random variables, more complete results can be obtained, but he didn’t
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provide a proof. It was his student, B. V. Gnedenko [47], who proved in 1948 a LLT
for the sequence of i.i.d. random variables with lattice distribution, finite mean and
finite variance. An English version of this theorem and its proof can be found in
Chapter 9 of the monograph Limit Distributions for Sums of Independent Random
Variables [53] written by B. V. Gnedenko and A. N. Kolmogorov in 1949. In this
book, not only the Gnedenko’s LLT for normal limit laws (§49) and its refinements
(§51) are discussed, but also an LLT for non-normal stable limit law is proved in
§50 of the book. Another reference during the same period is Gnedenko’s own text
Theory of probability which was published in 1950 (an English translation appeared
in 1962 [52]).

Before stating these Theorems, we first give definitions of lattice and arithmetic
distributions.

Definition 2.5 (the lattice distribution). A random variable ξ is said to have a
lattice distribution with shift c and span h if there exist c and h such that

∞∑
k=−∞

P(ξ = c+ kh) = 1, (2.16)

where h is the greatest number satisfying (2.16) and c is in the interval [0, h).

Remark 2.6. A lattice distribution with shift c = 0 and span h = 1 is called
arithmetic. A random variable with such a distribution takes only integer values
and the greatest common divisor (g.c.d.) of all the values it takes with positive
probabilities equals 1.

Remark 2.7. For a lattice random variable ξ with arbitrary span h and shift c, and
the sum Sn of i.i.d. random variables ξ1, . . . , ξn with ξi

d
= ξ, the transformations

ξ
′

m =
ξm − c
h

, S
′

n =
Sn − nc

h
, m ∈ {1, . . . , n}, n ∈ N, (2.17)

allow one to reduce the lattice case to the arithmetic one (cf. Remark 2.6). Hence,
one can see that, in essence, it is sufficient to only consider the arithmetic case of
summands ξm, where the sum Sn can only take arithmetic values too. So, from now
on, we will only discuss the Local Theorems in their arithmetic versions. One can
obtain the corresponding lattice versions trivially by transformations (2.17).

Here is the starting point in B. V. Gnedenko [47]. Suppose the independent
summands ξm have a common arithmetic distribution, namely, each ξm can only
take with integer values and the g.c.d. of all values that it takes positive probabilities
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equals 1. Then the sum Sn = ξ1 + · · · + ξn takes only integer values too, i.e., the
distribution function4 Fn(x) of the sum Sn is constant in each half-open interval
x ∈ (k, k + 1], where k ∈ Z. So, it is impossible to approximate such a distribution
function Fn with continuous (not to say analytic) functions to within one-half of its
maximum jump Pn(k) := Fn (k)− Fn (k−). Therefore, the real interest lies only in
the study of the values of the function Fn(x) at the points k ∈ Z themselves, i.e.,
the sum Fn(k) =

∑
r≤k Pn(r), where Pn(r) = P(Sn = r). However, it seems most

natural to investigate the asymptotic behaviour of the local probabilities Pn(r) from
which one can obtain5 the “integral” (sum) ones.

Theorem 2.8 (the Gnedenko Arithmetic Theorem). Let i.i.d. random variables
ξ1, ξ2, . . . , ξn, . . . have an arithmetic distribution, finite mean m := Eξ1 and finite
variance σ2 := Var ξ1 6= 0. Let

an := ESn = mn, b2
n := VarSn = nσ2, zn,k :=

k − an
bn

=
k −mn
σ
√
n

.

Then
sup
k∈Z

∣∣∣∣bnPn(k)− 1√
2π
e−

z2n,k
2

∣∣∣∣→ 0 as n→∞. (2.18)

Or, equivalently, as n→∞

Pn(k) =
1

bn
√

2π
e−

z2n,k
2 + o

(
1

bn

)
=

1

bn
φ (zn,k) + o

(
1

bn

)
(2.19)

uniformly in k ∈ Z, where φ is the univariate standard normal density.

Remark 2.9. We can see that the De Moivre-Laplace LLT 2.1 is a special case of
this theorem when the ξ’s have the common distribution Bernoulli(p).

Remark 2.10. It is natural to ask how fast the convergence in (2.18) is. As a
special case of the result from Esseen’s paper [37] in 1945, for such an i.i.d. sequence
as in the setup of Theorem 2.8, if one further assumes that ξ has a finite third-order
absolute moment, then the LHS of (2.18) will have order O (1/

√
n). It means that

the order o(1/bn) = o(1/
√
n) in (2.19) can be improved to O(1/n). It has also

been shown that this estimate cannot be further improved. Proofs of these are also

4In Gnedenko’s paper, he adopted P(X < x) as the definition of disrtribution function of the
random varible X at x. But throughout this thesis, we follow the convention to use P(X ≤ x) as
the definition of the disrtribution function of X at x.

5A quote from G&K [53]: “Generally speaking, such a method of proving integral theorems on
the basis of local theorems may result in some loss in the precision of the estimates of the reminder
terms as compared with direct methods of proof. However, for the first orientation in this problem
the approach from the direction of local theorems seems preferable.”
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provided in Petrov’s book [80, VII §3] and Gnedenko & Kolmogorov’s monograph
[53, §51].

Proof of Theorem 2.8. The proof uses the method of ch.f.’s. Let ψSn be the
ch.f. of Sn and ψξ1 be the ch.f. of ξ1. We start with using the inversion formula
to give an integral expression for the probability Pn(k). Since Sn is arithmetic, we
prefer to use the inversion formula 6 for the p.g.f. pSn(z) := EzSn of Sn, which gives

Pn(k) =
1

2πi

∮
|z|=1

z−k−1pSn(z)dz =
1

2π

∫ π

−π
e−itkψSn(t)dt, (2.20)

where the second relation is obtained by changing the variables z = eit and using
relation pSn(eit) = ψSn(t). But ξ1, ξ2, . . . , ξn are assumed to be i.i.d., which implies
that ψSn = ψnξ1 . So (2.20) becomes

Pn(k) =
1

2π

∫ π

−π
e−itkψnξ1(t)dt. (2.21)

Note that for t away from 0, the integral is easy to approximate. So, we split the
integral on the RHS of (2.21) into two subintegrals: over the domain |t| < γ and
over the complementary set, where γ = γ(σ) is a small constant chosen in a way
that will later become clear after (2.23). The first subintegral is

I1 :=

∫
|t|<γ

e−itkψnξ1(t)dt =

∫
|t|<γ

e−ity
[
e−itmψξ1(t)

]n
dt

for y = k −mn. Recall that m := Eξ1. Put u = σ
√
nt, then

I1 =

∫
|u|<γσ

√
n

e
−i u

σ
√
n
y

[
e
−i u

σ
√
n
m
ψξ1

(
u

σ
√
n

)]n
du

σ
√
n

=
1

σ
√
n

∫
|u|<γσ

√
n

e
−i u

σ
√
n
y
ψnξ1−m

σ

(
u√
n

)
du, (2.22)

where ψ ξ1−m
σ

is the ch.f. of ξ1−m
σ

which has mean 0 and variance 1. Since E| ξ1−m
σ
|2 = 1 <

∞, in a proper neighbourhood (−γσ, γσ) of the point 0, one has the expansion7

ψ ξ1−m
σ

(s) = 1 + itE
ξ1 −m
σ

− s2

2
E
(
ξ1 −m
σ

)2

+ o
(
s2
)

= 1− s2

2
+ o

(
s2
)
. (2.23)

6The inversion formula for ch.f.’s is Pn(k) = 1
2π

∫∞
−∞ e−itkψSn

(t)dt, one can see from the region
of integration why (2.20) is easier to start with. Proofs of both inversion formulae can be found in
Section 7.2.1 of [21].

7This expansion is a basic property of ch.f. whose proof can be found in [21, p.156] or [39].
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Further, using relations ln (xn) = n lnx and ln (1 + x) = x+ o(x) as x→ 0, one has

lnψnξ1−m
σ

(s) = n ln
[
1− (1− ψ ξ1−m

σ

(s))
]

= n
(
ψ ξ1−m

σ

(s)− 1
)

= −s
2

2
n+ o

(
s2
)
n,

which applies well at points s = u/
√
n with |u| < γσ

√
n. Denote the remainder

term in the above formula, after substitution s = u/
√
n, by hn(u). Substituting the

above expression for lnψnξ1−m
σ

(u/
√
n) back into (2.22), one has

I1 =
1

σ
√
n

∫
|u|<γσ

√
n

e
−i u

σ
√
n
y

exp

{
−u

2

2
+ hn(u)

}
du, (2.24)

where hn(u) → 0 for any fixed u as n → ∞. Moreover, for γ small enough, in the
domain |u| < γσ

√
n, one has |hn(u)| ≤ u2/6, so −u2/2 + hn(u) does not exceed

−u2/3. Hence, as n→∞, by applying the D.C.T. to the sequence

1{|u|<γσ√n}e
−i u

σ
√
n
y
e−

u2

2
+hn(u) = e

−iu y
σ
√
n e−

u2

2 (1 + o(1)) ,

one has
σ
√
nI1 =

∫
R
e
−iu y

σ
√
n e−

u2

2 du+ o(1),

where the integral on the RHS is in the form of the inversion formula for the ch.f. of
the univariate standard normal distribution evaluated at y/σ

√
n, up to the factor

1/2π. Hence

bnI1 =
√

2πe−
z2n,k

2 + o(1) (2.25)

where bn := σ
√
n and zn,k := k−mn

σ
√
n

= y
σ
√
n
.

The case of the remaining integral

I2 :=

∫
|t|≥γ

e−itkψnξ1(t)dt

is easier, since the range of integration {t : γ ≤ |t| ≤ π} is compact and hence on
that one has |ψξ1| ≤ q(γ) < 1. Since qn(γ) = o(n−1/2), one has

|I2| ≤
∫
|t|≥γ

e−itkqn(γ)dt = o

(
1√
n

)∫
|t|≥γ

e−itkdt = o

(
1√
n

)
,

which implies
bnI2 = o(1) as n→∞. (2.26)

Combining (2.25) and (2.26), we have established that, as n → ∞, the relation
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bn(I1 + I2) =
√

2πe−
z2n,k

2 + o(1). Together with the relation I1 + I2 = 2πPn(k) from
(2.21), one has

bnPn(k) =
1√
2π
e−

z2n,k
2 + o(1) as n→∞

uniformly in k ∈ Z, by which we proved (2.18) and (2.19).

Next, it is natural to ask whether the same type of behaviour as in Gnedenko’s
Arithmetic Theorem 2.8 will be obtained for non-normal stable limit distribution or
not. It turns out that the answer is yes, proved by B. V. Gnedenko [51] in 1949.

Theorem 2.11 (the Gnedenko Arithmetic Non-Normal Theorem). Let the i.i.d. ran-
dom variables ξ1, ξ2, . . . , ξn, . . . take only arithmetic values, let g(y) be the density
of a certain non-normal stable 8 distribution G(y), and let an and bn be certain con-
stants. Then

bnPn(k)− g
(
k − an
bn

)
→ 0 as n→∞ (2.27)

uniformly in k ∈ Z, if and only if the distribution of summands ξn belongs to the
domain of attraction of the stable law G(y) and P(Sn ≤ bny+an)⇒ G(y) as n→∞.

Proof. It can be proved by the same argument as in the proof of the Gnedenko
Arithmetic Theorem 2.8.

One can find illustrations of Theorem 2.11 by two examples, one of which is the
Cauchy law, in the monograph [53, pp. 236–237] by B. V. Gnedenko and A. N. Kol-
mogorov.

Another natural question is whether the same type of behaviour can be obtained
for the non-lattice case. A complete discussion of that case was done a bit later, in
1965, by C. Stone [98]. Before C. Stone’s work, B. V. Gnedenko [48, 49] proved a
Local Limit Theorem for absolute continuous cases in 1953–4. The statement is as
follows.

Theorem 2.12 (the Gnedenko Density Theorem). Let the i.i.d. random variables
ξ1, ξ2, . . . , ξn, . . . have finite mean m := Eξ1 and finite variance σ2 := Var ξ1 6= 0.
Denote the density of the normalized sum Zn := 1

σ
√
n

∑n
j=1(ξj − m) by fn(x), if it

exists. Then
fn(x)− 1√

2π
e−x

2/2 → 0 as n→∞ (2.28)

uniform in x ∈ R, if and only if there exists an N such that ZN has density fN(x)

such that supx∈R fN(x) <∞.
8See the definition of stable distribution in [21, p. 233]
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Remark 2.13. Under the same conditions of Theorem 2.12, i.e. assume an i.i.d. se-
quence with non-zero variance with fN(x) uniformly bounded for some N , if one
further assumes that E|ξ1|k < ∞ for some integer order k ≥ 3, one can obtain a
more accurate approximation (by asymptotic expansion)

fn(x) =
1√
2π
e−x

2/2 +
k−2∑
ν=1

qν(x)

nν/2
+ o

(
1

n(k−2)/2

)

uniformly in x, where qν(x) = N3ν(x) exp {−x2/2} with N3ν(x) being a polynomial
of degree 3ν in x. This is a result originally from the paper [54] written by Gnedenko
with Kolmogorov in 1959, but also can be found in Petrov’s book [80, VII §3].

One may also be interested in the multi-dimensional version of Theorem 2.8. In
1954, E. L. Rvačeva proved a version of Gnedenko’s Arithmetic Theorem 2.8 in Rd

(an English translation [86] appeared in 1962). The following are three necessary
assumptions, where the third one can be treated as a multivariate anolog of the
“arithmetic assumption” in Theorem 2.8.

Assumption 2.1. The summands ξ(n) =
[
ξ

(n)
1 , ξ

(n)
2 , . . . , ξ

(n)
d

]
, n = 1, 2, . . . are

i.i.d. random vectors in Rd.

Assumption 2.2. All entries of the common mean vectorm and covariance matrix
Σ are finite, namely mj := Eξ(n)

j < ∞, Σij := Cov
(
ξ

(n)
i , ξ

(n)
j

)
< ∞, and with non-

zero determinant det Σ.

Let P (k) = P (k1, k2, . . . , kd) be the probability of the event {ξ(n) = k}, and

S(n) =
[
S

(n)
1 , S

(n)
2 , . . . , S

(n)
d

]
:=

n∑
i=1

ξ(i) =

[
n∑
i=1

ξ
(i)
1 ,

n∑
i=1

ξ
(i)
2 , . . . ,

n∑
i=1

ξ
(i)
d

]
. (2.29)

Assumption 2.3. Let S be the class of all d-dimensional simplexes with vertices
x ∈ Zd such that P (x) > 0 and A := {Vol(B)d! : B ∈ S}, then g.c.d.(A) = 1.

Theorem 2.14 (the Rvačeva Arithmetic Theorem). Let the d-dimensionmal ran-
dom vectors ξ(1), ξ(2), . . . , ξ(n), . . . satisfy assumptions 2.1—2.3 with the components
ξ

(n)
j only taking integer values. Then, when n → ∞, the local probability Pn(k) :=

P
(
S(n) = k

)
of the sum S(n) defined in (2.29) behaves as

Pn(k) =
1

(2πn)d/2 (detΣ)1/2
exp

{
−(k − nm)Σ−1(k − nm)T

2n

}
+ o

(
n−d/2

)
, (2.30)

where the remainder term is uniform in k ∈ Zd.
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Proof. It can be proved by following a multivariate version of the argument used in
the proof of Theorem 2.8. Details can be found in E. Rvačeva’s paper [86].

Remark 2.15. An equivalent condition to Assumption 2.3 is: the parallelepiped
lattice 9 generated by set D := {x = x1 − x2 : P (x1) > 0, P (x2) > 0} will contain
all points with positive probability in Zd.

Remark 2.16. One can see that the Gnedenko Arithmetic Theorem 2.8 is a special
case of the above Rvačeva Arithmetic Theorem 2.14 when d = 1.

Assuming the sequence being i.i.d. was found to be less useful in applications.
A. Khintchine illustrated that what will be useful in applications is the LLTs for
sums of non-identically distributed random variables, especially in the area of the
classical statistical mechanics [57] and quantum statistics [58].

It turns out that, for the non-identical cases, bad things can happen in the period-
icity asymptotically, as illustrated in N. G. Gamkrelidze’s paper [45] in 1964. A sim-
ple example is as follows. Suppose random variables ξn has the p.m.f. fn(0) = 1/2,
fn(1) = 1/2n,fn(2) = 1/2− 1/2n and fn equals zero elsewhere, then the support of
this sequence is asymptotically concentrated only on the even integers, which can
never coincide with the standard normal distribution.

The LLTs for sums of independent but non-identically distributed random vari-
ables, and refinements of these theorems, were studied by Yu. Prokhorov [83],
Yu. Rozanov [84], P. Survila [100], N. Gamkrelidze [45], V. Statulevičius [96, 74, 77],
A. Mitalauskas [74], V. Pipiras [77], A. Mukhin [73], B. Davis [32], D. McDonald
[64, 65] and others from 1954 to 2005.

Here we will only present a relatively new one by D. McDonald [65, 3.1] for its
superiority in helping our derivations in Chapter 4.

Theorem 2.17 (McDonald). Let ξ1, ξ2, . . . , ξn, . . . be a sequence of independent,
but not necessarily identically distributed, random variables which only take integer
values which p.m.f. pn. Let Sn = ξ1 + · · · + ξn and Pn(k) := P(Sn = k). Suppose
there exist numbers an and bn such that, for t ∈ R, one has

lim
n→∞

P
(
Sn − an
bn

≤ t

)
= Φ(t) (2.31)

and
lim sup
n→∞

b2
n∑n

m=1

∑
k∈Z [pm(k) ∧ pm(k + 1)]

<∞. (2.32)

9A lattice generated by a set D ∈ Zd is defined as the set {
∑
i zidi : zi ∈ Z,di ∈ D}
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Then, as n→∞

sup
k∈Z

∣∣∣∣bnPn(k)− φ
(
k − an
bn

) ∣∣∣∣→ 0. (2.33)

The proof of the above theorem largely relies on the results from Davis [32]. For
details one can see [65].

We conclude this section with mentioning some further refinements of the LLTs
in the case of independent but non-identically distributed random variables.

Sums of non-identically distributed independent random vectors in Rd have been
considered by A. Mukhin [72] in 1984 and N. Gamkrelidze [46] in 2005.

Convergence to stable limit distributions for sums of non-identically distributed
random variables have been considered by A. Mitalauskas [67] in 1962 and V. Stat-
ulevičius [97] in 1967.

Asymptotic expansions in local theorems in the metric Lp have been studied for
various values of p by Yu. Prokhorov [82] in 1952, V. Petrov [78, 79] in 1961–4,
S. Siraždinov and M. Mamatov [92, 93] in 1962–3, and by P. Survila [100] in 1963.

Estimates of the remainder term in local theorems for densities have been stud-
ied by S. Siraždinov [94] in 1965, V. Statulevičius [96] in 1965 and N. Šahăıdarova
[94, 87] in 1965–6.

A number-theoretic approach to the proof of local theorems for lattice distribu-
tions has been developed by G. Frĕıman [42] in 1956 and by D. Moskvin, L. Post-
nikova, and A. Yudin [71] in 1970.

2.3 The Stone Integro-Local Limit Theorems

In this section, we will present a remarkable Integro-Local Limit Theorem (I-LLT)
established by C. Stone [98] in 1965, and also its refinements in several aspects by
C. Stone [99] in 1966 and A. A. Borovkov [18, 19, 20, 22, 23] from 1999 to 2017.

To study the asymptotic local behaviour for those distributions that are not
lattice (Definition 2.5), L. A. Shepp [89](1964) and C. Stone [98](1965) established
a version of Local Limit Theorem which is nowadays regarded as Integro-Local. The
result obtained by Shepp is a special case of the one by Stone when x is fixed. In
fact, Stone’s result in [98] in 1965 and its refinements [99] in 1966 are applicable
to the case of any stable limit law. But we will only focus on cases with normal
limiting laws in this project.

Integro-local limit theorems describe the asymptotic behaviour of probabilities
P (Sn ∈ (x, x+ ∆]) as n → ∞ for a fixed ∆ > 0, where Sn is a sum of n random
vectors in Rd. For the sake of brevity, for x = [x1, . . . , xd] ∈ Rd and fixed ∆ > 0, we
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put

∆(x] ≡ (x,x+ ∆] :=
d∏
j=1

(xj, xj + ∆] ≡
d∏
j=1

∆(xj]
10 (2.34)

and denote by φ(·) the density of the univariate standard normal distribution. Define
a non-lattice distribution as a distribution that is not lattice (cf. Definition 2.5).

The following two theorems present Stone’s result [98] in the case of normal
limit laws: Theorem 2.18 is for the one-dimensional case; Theorem 2.24 is for the
multi-dimensional case.

Theorem 2.18 (the Stone Integro-local Theorem: non-lattice, one-dimensional).
Let ξ1, ξ2, . . . be a sequence of non-lattice i.i.d. random variables such that ξk

d
= ξ

for all k ≥ 1, Eξ = 0 and Eξ2 = σ2 <∞. Let Sn := ξ1 + · · ·+ ξn, n ≥ 1. Then, as
n→∞,

P (Sn ∈ ∆(x]) =
∆

σ
√
n
φ

(
x

σ
√
n

)
+ o

(
1√
n

)
, (2.35)

where φ is the standard normal density and the remainder term o (1/
√
n) is uniform

in x ∈ R and in ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R <∞.

Remark 2.19. If ∆ = ∆n grows, then the asymptotics of P(Sn ∈ ∆(x]) can be
obtained by summing the RHS of (2.35) for, say, ∆ = 1 (if ∆n → ∞ is integer-
valued). One can check that the error term, after summing up, will have size o(1).
Thus the integral theorem follows from the integro-local one but not vice versa.

Remark 2.20. Relation (2.35) was extended by A. A. Borovkov and A. A. Mogulskii
[18, 19] in the multivariate setting to an asymptotic expansion in the powers of n−1/2

and also to the case where ∆L can be vanishing. By the properties of densities, the
RHS of representation (2.35) has the same form as if the random variable Sn/(σ

√
n)

had the density φ(·)+o(1), although the existence of the density of Sn is not assumed
in the theorem.

Remark 2.21. The proof we present here is slightly different from C. Stone’s orig-
inal proofs [98]. C. Stone firstly proved the theorem under the simplifying assump-
tion lim sup|t|→∞|ψ(t)| < 1 (the Cramér condition on the ch.f.) and then extends
to the general case. His approach is more natural, but we will directly deal with
the general case here, due to the page limit. If one is dealing with a case when the
Cramér condition is satisfied, then by replacing the “smoothing sum” in (2.36) with

10Here we adopt the notation from A. A. Borovkov’s papers instead of C. Stone’s. C. Stone
studies the integro-local theorems from the viewpoint of the n-fold convolution of laws which will
be different from our setup in Chapter 4. Also, note that, instead of ∆(x], A. A. Borovkov uses the
interval ∆[x) = [x, x+ ∆) in his work. This is because the definition he adopted [21] for the c.d.f.
of a random variable X is P(X < x), but the definition we adopted in this thesis is P(X ≤ x).
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Zn = Sn + ηδ, where ηδ ∼ Unif[−δ, 0] is independent of Sn, and following the same
type of argument as in the following proof, one can obtain a technically simpler
proof.

Proof. The proof uses the method of ch.f.’s. To use the inversion formula, we employ
the “smoothing method” and consider, along with Sn, the sums

Zn = Sn + θη, (2.36)

where θ is a constant to be chosen later, and η is a random variable independent of
ξ1, ξ2, . . . that has ch.f. equal to ψη(t) = (1− |t|)1{|t|≤1}

11. Denote the ch.f. of ξ by ψ
and let ψθη(t) = max{0, 1−θ|t|}. Then the ch.f. of Zn is ψZn(t) = ψn(t)ψθη(t) which
is integrable at infinity. Whence, we can apply the inversion formula to express the
increments of the c.d.f. Gn(x) of the random variable Zn as

Gn(x+ ∆)−Gn(x) = P (Zn ∈ ∆(x]) =
1

2π

∫
e−itx − e−it(x+∆)

it
ψZn(t)dt. (2.37)

Let η∆ ∼ Unif[−∆, 0] be a random variable with ch.f. ψη∆
(t) = (1 − e−it∆)/(it∆),

then the RHS above can be re-written as

P (Zn ∈ ∆(x]) =
∆

2π

∫
|t|≤ 1

θ

e−itxψn(t)ψ̂(t)dt, (2.38)

where ψ̂(t) := ψη∆
(t)ψθη(t) is the ch.f. of the sum of independent random variables

η∆ and θη. As in the proof of Theorem 2.8, here we again split the integral on the
RHS of (2.38) into two sub-integrals: I1 over the domain |t| < γ and I2 over the
domain γ ≤ |t| ≤ 1/θ such that P (Zn ∈ ∆(x]) = ∆/(2π)(I1 + I2), where γ is a
constant to be chosen in a certain way which will become clear later.

Put x = vσ
√
n in both I1 and I2, and consider first

I1 :=

∫
|t|<γ

e−itvσ
√
nψn(t)ψ̂(t)dt =

1

σ
√
n

∫
|u|<γσ

√
n

e−iuvψn
(

u

σ
√
n

)
ψ̂

(
u

σ
√
n

)
du,

where the last equality is by changed variables u = σ
√
nt. As in (2.23), since

E|ξ/σ|2 = 1 <∞, so in a neighbourhood of the point s = 0, one has the expansion
1 − ψξ/σ(s) = s2

2
+ o(s2). This, together with the relation ln (1 + x) = x + o(x) as

x→ 0, gives

lnψnξ/σ(s) = n ln
[
1−

(
1− ψξ/σ(s)

)]
= −s

2

2
n+ o(s2)n. (2.39)

11This is also in form of the density of the convolution of two uniform distributions on [−1/2, 1/2].
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Relation (2.39) applies well to points in {s = u/
√
n : |u| < γσ

√
n} if γ was chosen

appropriately so that γσ is close enough to zero. Substituting (2.39) into I1, one
has

I1 =
1

σ
√
n

∫
|u|<γσ

√
n

e−iuv exp

{
−u

2

2
+ hn(u)

}
ψ̂

(
u

σ
√
n

)
du, (2.40)

where |ψ̂(u/(σ
√
n))| ≤ 1, ψ̂(u/(σ

√
n))→ 1 and hn(u) = o(u2/n)n→ 0 for any fixed

u as n → ∞. Moreover, for γ small enough, in the domain |u| < γσ
√
n we have

|hn(u)| ≤ u2/6, so −u2/2 + hn(u) does not exceed −u2/3. Hence, we can apply the
D.C.T. to the sequence of functions 1{|u|<γσ√n}e−iuv exp {−u2/2 + hn(u)}ψ̂(u/(σ

√
n)),

as n→∞, to get

σ
√
nI1 =

∫
R
e−iuve−

u2

2 du+ o(1) (2.41)

uniformly in v, since the integral on the RHS of (2.40) is uniformly continuous in v.
But the integral on the RHS of (2.41) is nothing but just, up to the factor 1/(2π),
the result of applying the inversion formula to the ch.f. of the normal distribution,
so that

I1 =
1

σ
√
n

√
2πe−

v2

2 + o

(
1√
n

)
=

2π

σ
√
n
φ(v) + o

(
1√
n

)
, (2.42)

where v = x/(σ
√
n). As for the integral

I2 :=

∫
γ≤|t|≤ 1

θ

e−itxψn(t)ψ̂(t)dt,

since the domain of integration in I2 is compact, and so, by the non-latticeness of
ξ, one has on it the upper bound q := supγ≤|t|≤ 1

θ
|ψ(t)| < 1. Therefore

|I2| ≤ qn
∫
γ≤|t|≤ 1

θ

|ψ̂(t)|dt ≤ qnc(∆, θ), (2.43)

where c(∆, θ) is bounded and depends on ∆ and θ only. Hence I2 = o(1/
√
n) holds

uniformly in x and ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R < ∞. We have now
established that, for Zn = Sn + θη, the relation

P(Zn ∈ ∆(x]) =
∆

2π
(I1 + I2) =

∆

σ
√
n
φ

(
x

σ
√
n

)
+ o

(
1√
n

)
(2.44)

holds uniformly in x ∈ R and ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R < ∞, as
n→∞. It remains to show that (2.44) implies (2.35). Recall the latter states that

P (Sn ∈ ∆(x]) =
∆

σ
√
n
φ

(
x

σ
√
n

)
+ o

(
1√
n

)
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holds uniformly in x ∈ R and ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R < ∞, as
n→∞.

This assertion can be proved as follows. Put θ := δ2∆, where δ > 0 will be
chosen later, ∆± := (1± 2δ)∆, ∆±(x] := (x, x+ ∆±] and φ0 := maxy φ(y). We first
obtain an upper bound for P(Sn ∈ ∆(x]). We have

P (Zn ∈ ∆+(x−∆δ]) ≥ P (Zn ∈ ∆+(x−∆δ]; |η| < 1/δ) .

On the event {|η| < 1/δ}, one has |θη| < δ∆, and hence {Zn ∈ ∆+(x−∆δ]}∩{|η| <
1/δ} ⊇ {Sn ∈ ∆(x]} ∩ {|η| < 1/δ}. This implies

P (Zn ∈ ∆+(x−∆δ]) ≥ P (Sn ∈ ∆(x]; |η| < 1/δ) = P (Sn ∈ ∆(x]) (1− h(δ)) ,

where h(δ) := P(|η| ≥ 1/δ) → 0 as δ → 0, and the last equality above holds by
independence of η and Sn. But the LHS can be decomposed as

P (Zn ∈ ∆+(x−∆δ]) = P (Zn ∈ ∆δ(x−∆δ])+P (Zn ∈ ∆(x])+P (Zn ∈ ∆δ(x+ ∆]) ,

where ∆δ := ∆δ. Applying (2.44) to each of the probabilities on the RHS, we get

P (Zn ∈ ∆+(x−∆δ]) ≤ ∆

σ
√
n
φ

(
x

σ
√
n

)
+

2δ∆φ0

σ
√
n

+ o

(
1√
n

)
, (2.45)

where the term (2δ∆φ0)/(σ
√
n) + o

(
n−1/2

)
comes from P (Zn ∈ ∆δ(x−∆δ]) +

P (Zn ∈ ∆δ(x+ ∆]) by the uniform integrability of φ. Hence

P (Sn ∈ ∆(x]) ≤
[

∆

σ
√
n
φ

(
x

σ
√
n

)
+

2δ∆φ0

σ
√
n

+ o

(
1√
n

)]
(1− h(δ))−1. (2.46)

If, for a given ε > 0, we choose ∆ > 0 such that (1 − h(δ))−1 ≤ 1 + (ε∆)/3 and
2δφ0 ≤ ε/3, then we derive from (2.46) that, for all n large enough and ε small
enough,

P (Sn ∈ ∆(x]) ≤ ∆

σ
√
n

[
φ

(
x

σ
√
n

)
+ ε

]
. (2.47)

Now we will obtain a lower bound for P(Sn ∈ ∆(x]). Consider the event A :=

{Zn ∈ ∆−(x+ ∆δ]} who has

P(A) = P (A; |η| < 1/δ) + P (A; |η| ≥ 1/δ) . (2.48)
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We have {Zn ∈ ∆−(x+ ∆δ]} ∩ {|η| < 1/δ} ⊆ {Sn ∈ ∆(x]} ∩ {|η| < 1/δ} and hence

P (A; |η| < 1/δ) ≤ P (Sn ∈ ∆(x]) . (2.49)

On the other hand, by the “idea” of LOTP, one as

P (A; |η| ≥ 1/δ) = E [P(A | η); |η| ≥ 1/δ] = E [P(Sn ∈ ∆−(x+ θη + ∆δ]); |η| ≥ 1/δ]

where the last equality is by independence of η and Sn. However, from (2.47) we
know that P(Sn ∈ ∆−(x+θη+∆δ]) ≤ (∆/(σ

√
n))(φ0+ε), whence P (A; |η| ≥ 1/δ) ≤

(∆/(σ
√
n))(φ0 + ε)h(δ). From this, together with (2.48) and (2.49), we get

P(Sn ∈ ∆(x]) ≥ P (Zn ∈ ∆−(x+ ∆δ])− ∆

σ
√
n

(φ0 + ε)h(δ). (2.50)

We can employ the same idea as we did in (2.45) to get the lower bound

P (Zn ∈ ∆+(x−∆δ]) ≥ ∆

σ
√
n
φ

(
x

σ
√
n

)
− 2δ∆φ0

σ
√
n

+ o

(
1√
n

)
(2.51)

Now, if we combine (2.50) and (2.51) together with choosing δ such that φ0h(δ) < ε/3

and 2δφ0 < ε/3, we get

P(Sn ∈ ∆(x]) ≥ ∆

σ
√
n

[
φ

(
x

σ
√
n

)
− ε
]
. (2.52)

Finally, since ε is arbitrarily small, inequalities (2.47) and (2.52) prove the required
relation (2.35) . This completes the proof of Theorem 2.18.

Remark 2.22. One can see from the proof above that the RHS of (2.35) remains
the same even if the ∆(x] on the LHS is replaced by any of ∆(x) := (x, x + ∆),
∆[x) := [x, x+ ∆) and ∆[x] := [x, x+ ∆], i.e., endpoints are not troublesome. The
same holds in the multi-dimensional case, since ∆(x] is just a direct product of
intervals,

Before presenting the multi-dimensional version of Stone’s theorem, we need to
first state, without a proof, the following result from linear algebra, which will be
used in Theorem 2.24 and other results in Chapter 4.

Proposition 2.23 (the Principal Square Root). Let M be a positive semidefinite
real matrix. Then there is exactly one positive semidefinite (and hence symmetric)
matrix S such that M = STS. This unique matrix is called the principal square root
of M , denoted by M1/2.
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Theorem 2.24 (the Stone Integro-local Theorem: non-lattice, multi-dimensional).
Let ξ1, ξ2, . . . be a sequence of i.i.d. random vectors in Rd such that ξk

d
= ξ for all

k ≥ 1, a := Eξ and Σ := Cov ξ ≡ E
[
(ξ − a)T (ξ − a)

]
. Let Sn := ξ1 + · · ·+ξn, n ≥

1. Assume that Σ is positive definite (i.e. ξ is nondegenerate) and all components
ξ(1), . . . , ξ(d) of ξ are non-lattice. Then, as n→∞,

P (Sn ∈ ∆(x]) =
∆d

(2πn)d/2
√

det Σ
exp

{
−(x− na)Σ−1(x− na)T

2n

}
+ o

(
n−d/2

)
(2.53)

=
∆d

nd/2
(2π)−(d−1)/2

√
det Σ

φ

(
‖(x− na)Σ−1/2‖√

n

)
+ o

(
n−d/2

)
(2.54)

as n→∞, where φ is the univariate standard normal density. The remainder term
o
(
n−d/2

)
is uniform in x ∈ Rd and ∆ ∈ [∆L,∆R] with any fixed 0 < ∆L < ∆R <∞.

The matrix Σ−1/2 is the principal square root of Σ−1 whose existence is guaranteed
by the positive definiteness of Σ−1 and Proposition 2.23.

Proof. It can be proved using a multivariate analog of the same argument as in the
one-dimensional version (Theorem 2.18) by the method of ch.f.’s. A proof can be
found in C. Stone’s original paper [98] in 1965.

In 1966, C. Stone [99] established a refined version of the above theorem, which
is applicable not only to non-lattice measures but also to lattice ones, or even to a
combination of the two. Again, although C. Stone proved a version that applies to
cases with any stable limit law, we are only interested in the normal limit case in
this project.

To prepare for the refined Stone’s Theorem, we need first to “tidy up” arbitrarily
given distribution in the following sense.

Proposition 2.25. For a random vector ξ := [ξ(1), . . . , ξ(d)] in Rd with an arbitrary
distribution, it is always possible to reduce ξ to the following form by a suitable linear
transformation (including a renumbering of coordinates and a shift of the origin):

(i) the first l coordinates ξ(1), . . . , ξ(l) have non-lattice distribution, i.e., the ch.f.
ψ(λ) := E ei〈λ,ξ〉 for λ := [λ1, . . . , λd] ∈ Rd, where 〈λ, ξ〉 is the scalar product
of λ and ξ, possesses the property |ψ(λ)| < 1 if l ≥ 1 and [λ1, . . . , λl] 6= 0;

(ii) the remaining d− l coordinates ξ(l+1), . . . , ξ(d) are arithmetic; i.e., each coordi-
nate is an integer, and the greatest common divisor of the differences between
its possible values equals 1.
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By Proposition 2.25, we can restrict ourselves to the class of distributions satis-
fying (i) and (ii). C. Stone [99] proves the following refinement in 1966.

Theorem 2.26 (the Stone Integro-local Theorem: any distribution). Let ξ1, ξ2, . . .

be a sequence of i.i.d. random vectors in Rd such that ξk
d
= ξ for all k ≥ 1, a := Eξ

ad Σ := Cov ξ ≡ E
[
(ξ − a)T (ξ − a)

]
. Let Sn := ξ1 + · · ·+ ξn, n ≥ 1. Assume that

Σ is positive definite (i.e. ξ is nondegenerate), and all ξn are in the form stated in
Proposition 2.25. Then, for a direct product of half-open intervals in Rd

∆l(x] :=
l∏

j=1

(xj, xj + ∆]
d∏

j=l+1

(xj, xj + 1] for x = [x1, . . . , xd], ∆ > 0,

one has

P (Sn ∈ ∆l(x])

∆l
=

1

(2πn)d/2
√

det Σ
exp

{
−(x− na)Σ−1(x− na)T

2n

}
+ o

(
n−d/2

)
=

(2π)−(d−1)/2

nd/2
√

det Σ
φ

(
‖(x− na)Σ−1/2‖√

n

)
+ o

(
n−d/2

)
(2.55)

as n→∞, where φ is the density of the univariate standard normal. The remainder
term o

(
n−d/2

)
is uniform in x ∈ Rd, and ∆ ∈ [∆L,∆R] with any fixed 0 < ∆L <

∆R < ∞. The matrix Σ−1/2 is the principal square root of Σ−1 whose existence is
guaranteed by the positive definiteness of Σ−1 and Proposition 2.23.

A proof can be found in [99]. C. Stone first proved it under the Cramér condition
on the ch.f. and then extended to the general case.

Remark 2.27. If l = 0 (all components ξ(j) are arithmetic), then, WLOG, one may
assume that x is a vector with arithmetic coordinates, and replace the LHS of (2.55)
with P(Sn = x). In this case, the integro-local theorem becomes the local theorem
which was proved by E. Rvačeva (Theorem 2.14). If l = d, then (2.55) recovers the
relation (2.53) we established in Theorem 2.24 for non-lattice laws. If 1 < l < d,
then ξ is a combination with some of the components being lattice and some being
non-lattice.

It is natural to call this type of Limit Theorems Integro-Local since it contains
some elements of Integral Theorems (the probability that the sum enters a set) and
the Local Theorems (the set is small). This name makes it possible to distinguish
this type of limit theorems from the classical local theorems, which assume the ex-
istence of densities and are about the asymptotics of the densities of the sum. And
the classical Integral Theorems are much rougher than the integro-local ones in the
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sense that the former describe the asymptotics of the probability that the sum enters
“large” sets. The integral theorems can be deduced from the integro-local theorems
but not vice versa.

Hence the Integro-Local Theorem is perhaps the most perfect and precise ver-
sion of the classical Limit Theorems. Indeed, it does not assume any additional
conditions on top of the standard requirement of finite second moments (except
for distinguishing between the lattice and non-lattice cases) but has basically got
the same accuracy as the Local Limit Theorems without making any assumptions
about the existence of the densities. That means that the Integro-Local Theorems
are much more precise than the integral ones, and it is easy to see that one can
derive the assertions of the latter from the former, but not the other way around.

The integro-local theorems are of interest in their own right and serve as a key
element, for example, in computing the exact asymptotics of large deviation proba-
bilities for sums of independent random variables [21, Ch. 9]; in proving the asser-
tions about the first passage time of a remote curvilinear boundary by a random
walk [24]; in establishing integro-local theorems for compound renewal processes [21,
Ch. 10]; and in a number of other problems.

It is natural to ask if the reminder term o(n−d/2) in Theorem 2.26 can be sharp-
ened under minimal additional assumptions. The first step in that direction was
made by A. A. Borovkov [23] in 2016. He proved that, if Cramér’s strong non-
lattice condition lim sup|λ|<∞|ψ(λ)| < 1 on the ch.f. is satisfied and E|ξ|2+r <∞ for
some r ∈ (0, 1], then the error term can be improved to O(n−(d+r)/2) uniformly in
x ∈ Rd and ∆ ∈ (qn, cn(1−r)/2) for some q ∈ (0, 1) and every fixed c > 0. Later in
the same year, A. A. Borovkov and K. A. Borovkov [25] further developed the ap-
proach from [23] to derive the first term of asymptotic expansion for P(Sn ∈ ∆(x]),
in the one-dimensional setting, with uniform bounds for the remainder term in the
case when Cramér’s strong non-lattice condition is met and E |ξ|2+r < ∞ for some
r ∈ [1, 2].

Extensions of the Integro-Local Limit Theorems to the case of non-identically
distributed independent random variables were established, in the triangular array
scheme, by A. A. Borovkov in [20] in 2011. In this project, for the processes (involv-
ing non-identical sequences) to be introduced in the next chapter, we derive their
Integro-Local Limit behaviour. Our results will be presented in Chapter 4.



Chapter 3

Contagious Point Processes

This project is aimed at studying the local limit behaviour of the growing point
processes considered in K. A. Borovkov’s paper [28] which will be discussed in Sec-
tion 3.3. Briefly speaking, the process considered in [28] is a dynamic version of the
Neyman contagious point process. The latter was firstly introduced by J. Neyman
[75] in 1939 with its wide applications in Entomology and Bacteriology. The class
of Neyman contagious point processes, together with its history, will be discussed
in Section 3.1. Prior to [28], the first step taken in studing such contagious growing
point processes was taken by K. A. Borovkov and A. Motyer [26] in 2005, which will
be discussed in Section 3.2.

3.1 On contagious distributions: historical viewpoint

The term “contagious” in the context of point processes goes back to G. Pólya and
F. Eggenberger [34, 35, 81] in 1923 with the introduction of the well-known Pólya-
Eggenberger urn scheme and its properties studied.

A brief description of the scheme is as follows. From an urn containing a red
and b black balls. At each time step, one ball is removed from the urn; its colour is
noted, and the ball is returned to the urn along with s additional balls of the same
colour; the experiment is then repeated using the newly constituted urn, and in this
way, a sequence of trials is performed. In fact, this model was firstly introduced by
A. A. Markov [63] in 1906.

This model has been used extensively in studies of contagion and served as a
prototype for many models discussed in the literature. One of them is the B. Fried-
man urn model [43] in 1949, whose elementary properties can be found in W. Feller
[39, p. 119] and M. Fréchet [41]. More advanced properties of B. Friedman’s urn
model can be found in A. D. Friedman [44] and D. Blackwell [15]. Furthermore, in

26
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1973, D. Blackwell and J. McQueen [16] described the construction of a Dirichlet
prior distribution by a generalization of Pólya’s urn scheme which is known as the
Blackwell-McQueen Pólya urn scheme. Another well-known class of models moti-
vated from the idea of the Pólya urn scheme is the Neyman contagious distributions
[75] whose story can be told as follows.

Contagious distributions have been applied to biological problems. For instance,
the spread and distribution of plants over an area, where we have initial or “parent”
plants, and others (“offspring”) associated with them in such a way as to render
the use of the simple Poisson distribution as a description of the spreading process
invalid. In such situations, new contagious distributions are in demand.

Neyman [75] developed a new class of contagious distributions in the fields of
bacteriology and entomology in 1939. But they can be equally applicable to situa-
tions where individuals or items are supposed to initially be dispersed in randomly
scattered groups — egg masses in the case of insects or clumps in the case of bacteria
— which are subject to a chance fluctuation in size. It may be supposed that there
occurs subsequently some spatial dispersion from the initial groups. Under such
a scheme, the distribution of individuals, or items, cannot be random. Since the
probability of an individual occurring in a given unit area is related to the probabil-
ity of other individuals occurring in that unit area, the distribution may be called
contagious.

Inspired by the idea of the Pólya urn, Neyman [75] has suggested three types of
theoretical frequency distribution called Types A, B and C. These types all corre-
spond well to observed data for cases where the mechanism of dispersion is roughly
previously set forth. They proved to be better than the Poisson distribution and
superior to the negative binomials. The Neyman contagious distributions are prefer-
able in various biological applications, such as in the original work by Neyman [75]
in 1939 and in later work by Beall [8] in 1940 and by Archibald [3] in 1948. Types A,
B and C fit data progressively better. For illustration, one is the case of Pyrausta
nubilalis Hubn. in 1937 [8, Table VII], where the types A, B and C give values of χ2

with 0.011, 0.064 and 0.110. As a second illustration, there is the case of P . nubilalis
[8, Table VII], where the types give values of χ2 with 0.05, 0.48 and 0.57.

However, Neyman’s types do not go far enough. It is indicated by their forms
that they are simply early members of a great family of distributions. This can be
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seen from the following ch.f.’s of types A, B and C:

ϕA(t) = exp
{
m1

{
em2(eit−1) − 1

}}
,

ϕB(t) = exp
{
m1

{
em2(eit−1) − 1−m2(eit − 1)

}/
m2(eit − 1)

}
,

ϕC(t) = exp
{

2m1

{
em2(eit−1) − 1−m2(eit − 1)−m2

2(eit − 1)2
}/

m2
2(eit − 1)2

}
,

wherem1 andm2 are parameters. This sequence of three forms suggests the following
general form:

ϕ(t) = exp

{
m1Γ(n+ 1)

∞∑
s=0

ms+1
2 (eit − 1)s+1

Γ(n+ s+ 2)

}
,

where Types A, B and C are special cases when n = 0, 1, and 2, respectively. For
n > 2 we should have new distributions. For n < 2 and not an integer, we should
have cases intermediate to Neyman’s A, B and C Types. Further discussions about
the general form of Neyman’s contagious distributions can be found in [9, 1953].

Inspired by Neyman’s contagious distributions and their shortcomings, more
methods appeared afterwards. Thomas [101, 1949] invented the double Poisson
distribution to describe non-random distributions of plants. Darwin [31, 1951] in-
vented another method of obtaining contagious distributions, of wider applicability,
and draws attention to some shortcomings of the two earlier methods. More aspects
of Darwin’s method were discussed by J. G. Skellam [95, 1952] and H. R. Thompson
[102, 1954].

Motivated by Thompson’s discussions in [102], a simple dynamic version of the
Neyman contagious point process was considered by K. A. Borovkov and A. Motyer
[26, 2005]. One can see from Section 3.2 that this simple point process is well-
behaved asymptotically. Further inspired from this observation, a general dynamic
version of Neyman contagious point process was considered in K. A. Borovkov [28].
One can see from Section 3.3 that the general version also possesses good asymptotic
behaviour.

In this project, we derive more detail about the asymptotic behaviour of the
growing point processes considered in [28] in the direction of local limit theorems.
Results will be presented in Chapter 4.
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3.2 On a simple growing point process model

This section describes the simple dynamic version of the Neyman contagious point
process considered in [26, 2005] and its asymptotic behaviour. This process differs
from the Neyman contagious process, which is a one-stage scheme, in the sense that
it is multistage.

The model considers the evolving in discrete time n = 0, 1, . . . of the simple
point process

{X1,X2, . . . ,Xw(n)} ⊆ Rd, w(n) := m+ nk, (3.1)

where k ≥ 1 is a fixed integer, that starts with an arbitrary (random) initial config-
uration {X1,X2, . . . ,Xm} at time n = 0 and then grows as follows. Let, for each
time n ≥ 0,

pn = {pn,1, pn,2, . . . , pn,w(n)}, (3.2)

denote a probability distribution on {1, 2, . . . , w(n)}, and Fn a distribution on Rd,
and let Nn,Yn,1, . . . ,Yn,k denote independent (of each other and also of the past
evolution of the process) random variables, with the distribution of Nn being pn and
all Yn,j, j = 1, . . . , k, following the law Fn. Then, given the configuration of the
process at time n ≥ 0, k new points are added to the process at time n + 1 at the
locations

Xw(n)+j := XNn + Yn,j, j = 1, . . . , k. (3.3)

Thus, first, we choose a “mother” at random from the existing points and then add
a fixed number k of “daughter” points, randomly displaced relative to the mother’s
position. Note that, in the general case, the evolving point process is non-Markovian.

Remark 3.1. The process structure above also reminds that of a branching random
walk, see, for example, Harris [55, 1963], Asmussen and Kaplan [4, 1976] and Biggins
[14, 1997, p. 19–39]. In fact, if pn is a uniform distribution, the process under
consideration will be the embedded skeleton process for a k-nary continuous time
branching random walk.

In [26], the authors consider the case when the distribution (3.2) has the following
special form: for a fixed a > 0, for all n ≥ 0, j = 1, 2, . . . , w(n)

pn,j = Cna
j−1, where Cn =

{
(1− a)/(1− aw(n)), a 6= 1,

1/w(n), a = 1,
(3.4)

and derive the limiting (as n→∞) behaviour of the common distribution Pn of the



30 Chapter 3. Contagious Point Processes

newly added points at time n:

Pn := L(Xw(n−1)+1) ≡ · · · ≡ L(Xw(n)), n = 1, 2, . . . , (3.5)

where by L(X) we denote the distribution of X. They also derive the limiting
behaviour of the mean measure Mn of the process:

Mn(B) := E

 1

w(n)

w(n)∑
j=1

1{Xj∈B}

 =
1

w(n)

m∑
j=1

L(Xj)(B)+
nk

w(n)

1

n

n∑
j=1

Pj(B). (3.6)

The contribution of the first sum on the RHS of (3.6) is negligibly small as n→∞,
and since nk/w(n)→ 1, the limiting behaviour of Mn will coincide with that of the
distribution

En(B) :=
1

n

n∑
j=1

Pj(B). (3.7)

Remark 3.2. The particular choice of the distribution class (3.4) of pn is mainly due
to a technical reason: it enables one to derive a simple product-form representation
(relation (9) in [26]) for the ch.f. of Pn, which makes the derivation much easier. A
wider class of distributions pn is considered in [28], it will be discussed in Section 3.3.

It turns out that, under some moment conditions, the limiting behaviour of Pn
and Mn will depend on the value of a in (3.4) in the following way. The above-
mentioned moment conditions are the following two:

(C1) The family of random vectors {‖Yn,1‖}n≥0 is uniformly integrable, and the se-
quence of means µn := EYn,1 has a Cesaro limit: for some µ ∈ Rd, 1

n

∑n
j=1µj →

µ as n→∞.

(C2) The family of random vectors {‖Yn,1‖2}n≥0 is uniformly integrable, and the se-
quence of the second-order moments matricesmn := E(Y T

n,1Yn,1) has a Cesaro
limit: for some matrix m, 1

n

∑n
j=1mj →m as n→∞.

Theorem 3.3. (i) If a < 1 and Fn ⇒ F as n→∞ for some distribution F , then
there exists a probability distribution P such that Pn ⇒ P and Mn ⇒ P as
n→∞.

(ii) If a = 1 and condition (C1) is met, then, as n → ∞, Xw(n)/ lnn
P−→ µ and

also Kn ⇒ δµ(the degenerate distribution at the point µ), where Kn(B) :=

Mn(B lnn).
If, in addition, condition (C2) is satisfied, then, as n → ∞, by letting νn :=
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∑n
j=1 j

−1µj and Ln(B) := Mn(
√

lnnB+νn), one has L
(

(Xw(n) − νn)/
√

lnn
)
⇒

N (0,m), and Ln ⇒ N (0,m).
If µn − µ = o

(
ln−1/2 n

)
, then νn above can be replaced by µ lnn.

(iii) Let a > 1. If condition (C1) is met, then, as n → ∞, by letting b :=

(ak − 1)/(ak) ∈ (0, 1) and Un(B) := Mn(nB), one has Xw(n)/n
P−→ bµ and

Un ⇒ Unif[0, bµ], where Unif[0, bµ] denotes the uniform distribution over the
straight line segment connecting the points x and y in Rd.
If, in addition, condition (C2) is satisfied and the matrix sequence {µTnµn} has
a Cesaro limit µ2, then, as n→∞, by letting κn := b

∑n
j=1µj/(1− a−m−kj),

one has L
(
(Xw(n) − κn)/

√
n
)
⇒ N (0, b(m− bµ2)).

If
∑n

j=1(µj − µ) = o(
√
n), then κn above can be replaced by bµn. More-

over, if also κn = o(
√
n), then the distribution Qn(B) := Mn(

√
nB) converges

weakly as n → ∞ to a mixture of normal distribution with the ch.f. qn(t) =

2[1− exp {−bt(m− bµ2)tT/2}]/[bt(m2 − bµ2)tT ].

Remark 3.4. The above theorem can be interpreted as follows.
If a < 1 (the older “mothers” are more likely to have offspring) and the displace-

ment distributions Fn converge weakly to a limiting law F , then, roughly speaking,
the point process remains “forever clustered” around the initial configuration, as
with dominating probability any newly added point will have as its “mother” one
of a relatively few initials points of the process, and its displacement relative to the
“mother” will asymptotically follow the distribution F .

If a = 1 (all “mothers” are equally likely to produce offspring), then, under mild
moment conditions (C1) and (C2), forXn hold both the LLN (under scaling 1/ lnn)
and the CLT (after centring and under scale 1/

√
lnn), with similar results being

true for Mn as well. Thus, the process gradually “crawls” along the direction of
the asymptotic mean drift of the displacement vectors Yn, with this movement ever
slowing down and the “cloud” of the points growing even slower around the mean
trend value.

If a > 1 (the younger “mothers” are more productive), results for Xn are similar
to those in the case a = 1 (but with scaling 1/n and 1/

√
n, respectively), whereas

Mn can be approximated by a uniform distribution along the “mean drift” line or, in
the case of asymptotically negligible drift, by a mixture of normal distributions. In
words, the process propagates at a constant rate along the direction of the asymp-
totic mean drift (if it is non-zero), with an “error” in positioning new points around
the mean drift line being of the order

√
n, typical for a random walk (with a finite

variance). One could observe that this kind of behaviour appears to be quite natural
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for the model, all the more so since, say, in the case k = 1, as a→∞, the limiting
for our model process is a random walk indeed.

This simple model was further studied in [27, 2006], in the case where k = 1,
d = 1, Yn,1 ≥ 0, and the weights wn were assumed to be random.

3.3 On a dynamic version of Neyman contagious

point process

This section describes the model considered in [28, 2014], which is generalized from
the simple model discussed in Section 3.2, and its asymptotic behaviour.

The point process starts with an initial configuration of k0 ≥ 1 random points
X0,1, . . . ,X0,k0 ∈ Rd, d ≥ 1, labeled1 with respective weights w0,j ≥ 0, j = 1, . . . , k0.
At time step n ≥ 1, kn ≥ 0 new points are added to the process, with weights
wn,1, . . . , wn,kn .

Remark 3.5. The roles of the weights wn,j ≥ 0 will be to characterize the “fitness”,
or reproductive ability, of the individuals to be associated with the points to be
added to the process at the n-th step (they can be used, for example, to model
the aging of the individuals), as they will be used to determine the probability
distributions for choosing new mothers in the future.

To specify the locations of the newly added points, letW−1 := 0, and , for n ≥ 0,
set

wn :=
kn∑
l=1

wn,l, Wn :=
n∑
r=0

wr. (3.8)

Then, at step n+ 1 ≥ 1, an existing point Xr,j, 0 ≤ r ≤ n, 1 ≤ j ≤ kr, is chosen at
random, according the probability distribution

pn := {pn,r,j : 0 ≤ r ≤ n, 1 ≤ j ≤ kr}, pn,r,j :=
wr,j
Wn

. (3.9)

Denote that point (chosen at time step n+ 1) by X∗n and add kn+1 ≥ 0 new points
to the process, at the locations

Xn+1,l := X∗n + Yn+1,l, 1 ≤ l ≤ kn+1, (3.10)

1In fact, in [28], each random point Xn,j are equipped with not only a weight wn,j but also a
quantity un,j ≥ 0 which specifies the amount of a “resource” attached to the individuals (e.g., the
body weight). But we will only focus on models with weights only in this thesis.



3.3. On a dynamic version of Neyman contagious point process 33

where we assume that the random vector
[
Yn+1,1, . . . ,Yn+1,kn+1

]
∈ (Rd)kn+1 is inde-

pendent of {Xr,j}0≤r≤n,1≤j≤kr and the choice of the “mother point” X∗n. In paper
[28], and also in this thesis (Chapter 4), we assume nothing about the character of
dependence between the components Yn+1,l (in particular, some of them can coin-
cide). Denote by

ψn,j(t) := E exp
{
itXT

n,j

}
, t ∈ Rd, (3.11)

the ch.f. of the distribution Pn,j of the point Xn,j, n ≥ 0, 1 ≤ j ≤ kn, and set, for
n = 0, 1, 2, . . . and t ∈ Rd,

πn :=
wn
Wn

≡
kn∑
j=1

pn,n,j, ψn(t) :=
1

wn

kn∑
j=1

wn,jψn,j(t) ≡
1

πn

kn∑
j=1

pn,n,jψn,j(t), (3.12)

where π0 := 1. That is, ψn is the ch.f. of the mixture law Pn := 1
wn

∑kn
j=1 wn,jPn,j,

which coincides with the conditional distribution of the location X∗n of the mother
point for step n + 1 in our process given that this point was chosen from the kn
points added at the previous step. For n such that kn = 0, we can leave φn,j and φn
undefined. Further, denote by

fn,j(t) := E exp
{
itY T

n,j

}
, t ∈ Rd, (3.13)

the ch.f. of the distribution Qn,j of the displacement Yn,j and set

fn(t) :=
1

wn

kn∑
j=1

wn,jfn,j(t). (3.14)

For n ≥ 0, set µn,j := EYn,j,mn,j := EY T
n,jYn,j (when these expectations are finite),

and let

µn :=
1

wn

kn∑
j=1

wn,jµn,j, mn :=
1

wn

kn∑
j=1

wn,jmn,j, (3.15)

such that µn is the mean vector of the distribution with ch.f. fn, while mn is the
matrix of (mixed) second order moments of that mixture distribution.

The paper [26] considered in Section 3.2 is a special case of the current model
where kn ≡ k = const, n ≥ 1, and the weights being assumed were of the form
wn,j = an, j = 1, . . . , k, for some constant a > 0, with Yn,j, j = 1, . . . , k, being
i.i.d. One can check that the current model, under above constraints, reduces to the
construction in (3.1), (3.2) and (3.4).

It turns out that, for the current generalized model, a version of Theorem 3.3
can be obtained. However, in this thesis, we will only be interested in the case when
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the total weight of points in the process, the Wn in (3.8), is unbounded as n→∞.

Theorem 3.6. Assume that wn = ξnn
αL(n), n ≥ 1, where {ξn ≥ 0} is Cesàro

summable to a positive value S1(ξ)2 , α > −1 and L is a slowly varying (at infinity)
function3.

(C1∗) The family of random vectors {‖Yn,j‖}(n,j)∈A is uniformly integrable, and the
sequence {ξnµn} is Cesàro summable with sum S1(ξµ).

(C2∗) The family of random vectors {‖Yn,j‖2}(n,j)∈A is uniformly integrable, and the
sequence {ξnmn} is Cesàro summable.

(i) If condition (C1∗) holds, then4 w- lim(n,j) Pn,j(· lnn) = δλ(·), where δλ is the
unit mass concentrated at the point λ := (α + 1)S1(ξµ)/S1(ξ) ∈ Rd and one
has νn := (lnn)−1

∑n−1
r=1 πrµr → λ as n→∞.

(ii) If condition (C2∗) holds, then the limit w- lim(n,j) of the distributions of (lnn)−1/2(Xn,j−
νn lnn) exists and is equal to the normal law in Rd with zero mean vector and
covariance matrix (α + 1)S1(ξm)/S1(ξ).

Remark 3.7. One can see from the proof of Theorem 3.6 (cf. relation (16) in [28])
that, under the above assumptions of wn, the asymptotic behaviour of πn ≡ wn/Wn

as n→∞ is πn � 1/n which means that the sum en :=
∑n

k=0 πk � lnn as n→∞.
From this observation, one can see that the integro-local limiting behaviour derived
in Chapter 4 (cf. Theorems 4.4 and 4.5) is consistent with the integral limiting
behaviour derived in the above theorem, and the former is stronger.

Remark 3.8. The paper [28] also deals with the asymptotic behaviour of mean
measures and processes of the above type evolving in random environments. These
are not considered in the current project.

The model we are dealing with belongs to the class of “preferential attachment
processes”. The most famous one of them was proposed in the much-cited paper [5]
where new nodes were attached to already existing ones with probabilities propor-
tional to the degrees of the latter, with the aim of generating random “scale-free”
networks that are widely observed in natural and human-made systems, including
the World Wide Web and some social networks. Since then, there appeared quite a

2This means, by definition, that limn→∞(1/n)
∑n
j=1 ξj = S1(ξ).

3This means, by definition, that for all a > 0, limx→∞ L(ax)/L(x) = 1.
4The notation w- lim(n,j) stands for a limit over all pairs (n, j), n ≥ 0, 1 ≤ j ≤ kn, in the

topology of weak convergence of distributions instead of the ordinary component-wise (point-wise
for functions) sense.
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few publications on the topic, including a monograph [33]. In most cases, in the ex-
isting literature, the “attachment rule” depends on the degrees of the existing nodes
(possibly with some variations as, e.g., in [2], where new nodes may link to a node
only if they fall within the node’s “influence region”.

Models of such a kind can be used to describe the dynamics of the population of
microorganisms in varying (in both time and space) environments and the process
of distribution of individual insects (as in the larvae example from Neyman’s paper
[75]) or colonies of social insects (such as some bee species or ants). In particular,
they can be of interest when modelling foreign species invasion scenarios. Further
examples include dynamics of business development for companies employing multi-
level marketing techniques (or referral marketing). One can think about the points
in this process as nodes in a growing random forest, the roots thereof being the
initial points, with edges connecting “daughters” to their “mothers”.

In paper [28], only integral limiting behaviour was derived for the model. How-
ever, in this project, we derive the integro-local limiting behaviour of the model.
Results will be presented in the next chapter.



Chapter 4

Results

In this chapter, we present the main results of this project studying the local limiting
behaviour of the model described in Section 3.3. In particular, we will derive the
limiting behaviour of the local probabilities of the chosen “mother” point X∗n in
(3.10) in Rd, for some d ≥ 1, when n→∞.

4.1 Preliminaries

To prepare for the main theorems, in this section we first derive a “cleaner” repre-
sentation for the distribution of X∗n and make three general assumptions that will
be applicable to all of the remaining sections.

We first recall and explain several observations (i.e., relations (4.1)–(4.2)) from
the paper [26]. First note that, at time step n + 1, by the idea of the law of total
probability (LOTP) formula, the ch.f. Ψn of X∗n can be written as

Ψn =
n∑
r=0

kr∑
l=1

pn,r,lψr,l, ψn+1,j = Ψnfn+1,j, (4.1)

where we recall from (3.11) and (3.13) that ψr,l is the ch.f. of Xr,l and fn+1,j is the
ch.f. of Yn,j. The first relation above holds because X∗n is chosen from the set of
all existing points {Xr,l}0≤r≤n,1≤l≤kr according to the probability distribution pn in
(3.9), and the second relation is due to (3.10).

Using (3.9) and the observation that pn,r,j = pn−1,r,jWn−1/Wn = pn−1,r,j(1− πn)

36
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for all r < n, 1 ≤ j ≤ kr, we obtain for n ≥ 1, employing (4.1) and (3.12), that

Ψn =
n−1∑
r=0

kr∑
l=1

pn,r,lψr,l +
kn∑
l=1

pn,n,lψn,l

= (1− πn)Ψn−1 +
kn∑
l=1

pn,n,lΨn−1fn,l = (1− πn)Ψn−1 + πnΨn−1fn,

where fn is the ch.f. of weighted average displacement at step n defined in (3.14).
Then, by recursion, one has

Ψn =
n∏
r=0

[(1− πr) + πrfr] . (4.2)

Assumption 4.1. At each time step r ≥ 1, the weighted average displacements
1
wr

∑kr
j=1 wr,jYr,j of daughters are identically distributed. That is, in terms of the

ch.f. fr := 1
wr

∑kr
j=1wr,jfr,j defined in (3.14), we assume fr = f from now on.

Remark 4.1. A special case of Assumption 4.1 is when daughters’ displacements
Yr,j are identically distributed for all r and j. Assumption 4.1 is better than as-
suming identically distributed daughters in the sense that the former includes the
case when daughters within each step are non-identically distributed but the overall
distribution of daughters in each step is identical, which is a natural case to appear
in applications.

Under Assumption 4.1, let π̄r := 1 − πr. Then (4.2) becomes Ψn =
∏n

r=0(π̄r +

πrf). This product is a polynomial in f . Denote the coefficient of fk in this poly-
nomial by bn,k’s:

Ψn =
n∏
r=0

(π̄r + πrf) =
n∑
k=0

bn,kf
k, (4.3)

which indicates that X∗n has a mixture distribution which can be formulated as
follows. Let Y0,Y1, . . . ,Yn be a sequence of i.i.d. random vectors with the common
ch.f. f and Ir ∼ Bernoulli(πr), for r = 1, . . . , n, such that all of I0, . . . , In,Y0, . . . ,Yn

are independent (I0 := 1). Then the probabilistic interpretation of (4.3) is

X∗n
d
=

n∑
r=0

IrYr, n ≥ 1. (4.4)

Denote the law of X∗n by LX∗n and let F be the law corresponding to the ch.f. f .
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Then (4.3) implies

LX∗n =
n∑
k=0

bn,kF
∗k, (4.5)

where F ∗k is the k-fold convolution of F with itself.

Remark 4.2. For each n ≥ 0, the collection of coefficients {bn,k}0≤k≤n forms a
discrete probability distribution. This can be verified as follows. Firstly, evaluating
(4.3) at 0 gives 1 =

∑n
k=0 bn,k. Secondly, since πr and π̄r both in [0, 1], all possible

coefficients in the sum expanded from
∏n

r=0(π̄r + πrf) must be non-negative. Such
a distribution is known as the Poisson binomial distribution, which is a special case
of the so-called generalized binomial distribution (allows non-constant probabilities
of success from trial to trial).

Let Bn be a random variable with P(Bn = k) = bn,k for k = 0, . . . , n. Note that
the existence of such a Bn is guaranteed by Remark 4.2. Then, from (4.3), one has

Bn
d
=

n∑
k=0

Ik, (4.6)

where the independent indicators Ik are those from (4.4).
It turns out that the mean and variance of Bn will be the key features in analyzing

the local limiting behaviour of X∗n, and hence that of the mean measure Mn. It
follows from (4.6) that

en := EBn =
n∑
k=0

πk, q2
n := VarBn =

n∑
k=0

πk(1− πk), (4.7)

where πk := wk/Wk, defined from (3.12), which represents the probability that the
mother chosen at step n+ 1 is the point added to the process at step n. Recall from
(3.8) that wn is the total weight of those points added in step n and Wn is the total
weight of all points, existing at that time.

Assumption 4.2. The sequence of standard deviations diverges to infinity when
time evolves: qn →∞ (whence en →∞) as n→∞.

Assumption 4.3. There exist δ ∈ (0, 1) and N <∞ such that πk ≤ 1−δ, ∀ k ≥ N .
An immediate consequence is δen ≤ q2

n ≤ en which means q2
n � en as n→∞.

Remark 4.3. In the following three cases, we analyze the asymptotic behaviour of
their sequences en and qn. It turns out that Assumption 4.2 and 4.3 are satisfied in
each case.
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Case 1: If wn = const for all n ≥ 0 (the overall weight added in each step is
equal), then πn = 1

n
which means that en =

∑n
k=0

1
k
� lnn � q2

n as n→∞.

Case 2: If wn = cnp for some c > 0, p > −1 (the overall weight added in each
step increases as a power function), then1 Wn � np+1

p+1
. Hence one can obtain 1

n
<

πn <
2
3
∀n ≥ 2p+ 2 and hence q2

n � en >
∑n

k=0
1
k
→∞ as n→∞.

Case 3: If wn = αeβn for some α, β > 0 (the overall weight added in each step
increases as an exponential function), then 1

1+e−β
< πn <

eβ−1
eβ−e−2β < 1 ∀n ≥ 2 and

hence q2
n � en >

n
1+e−β

→∞ as n→∞.

Note that the cases with wn increasing slowly so that limn→∞Wn < ∞ are not
considered in this chapter.

4.2 Local Limit Theorems for non-lattice X∗
n

For the location X∗n of the “mother” chosen at time step n + 1 in the non-lattice
case, we derive the following results for the limiting behaviour of its integro-local
probabilities: the one-dimensional case in Theorem 4.4; the multi-dimensional case
in Theorem 4.5.

Recall that F is the law corresponding to the ch.f. f of the weighted average
displacement in Rd (cf. Assumption 4.1). Recall en and qn from (4.7). Recall from
(2.34) that, for any ∆ > 0, x ∈ Rd, ∆(x] := (x,x + ∆] is a direct product of left
open and right closed intervals.

Theorem 4.4 (the one-dimensional non-lattice case). Let the law F be non-lattice
with mean µ < ∞ and variance σ2 < ∞, under Assumptions 4.1 — 4.3, the local
law LX∗n(∆(x]) = P(X∗n ∈ ∆(x]) of X∗n ∈ R has the following asymptotic behaviour:

(i) for the case with µ = 0, one has

LX∗n(∆(x]) =
∆

σ
√
en
φ

(
x

σ
√
en

)
+ o

(
1
√
en

)
; (4.8)

(ii) for the case with µ 6= 0, one has

LX∗n(∆(x]) =
∆√

µ2q2
n + σ2en

φ

(
x− µen√
µ2q2

n + σ2en

)
+ o

(
1
√
en

)
, (4.9)

where the remainder term o
(
1/
√
en
)
in both cases is uniform in x ∈ R, and in

∆ ∈ [∆L,∆R] with fixed 0 < ∆L < ∆R <∞.
1It was firstly derived by J. Bernoulli in [10] for integer-valued p. Further studied by Karamata.
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The proof of Theorem 4.4 will be given in Section 4.3.
We also derive a multivariate version of Theorem 4.4 for the case with higher

dimensional locationsX∗n ∈ Rd for d ≥ 1. Denote the Euclidean norm by ‖·‖. Recall
from (2.34) that ∆(x] :=

∏d
j=1(xj, xj + ∆] for ∆ > 0 and x = [x1, . . . , xd] ∈ Rd.

Theorem 4.5 (the d-dimensional non-lattice case). Let every margin of the law F

be non-lattice. Let the mean vector µ and covariance matrix Σ (corresponding to
the law F ) have all entries finite. Assume that Σ is non-singular (i.e., Σ−1 exists),
together with Assumptions 4.1 —4.3. Then LX∗n (∆(x]) = P(X∗n ∈ ∆(x]) has the
following 2 asymptotic behaviour:

(i) for the case with µ = 0, one has

LX∗n (∆(x]) =
∆d(2π)−(d−1)/2

e
d/2
n

√
det Σ

φ

(
‖xΣ−1/2‖
√
en

)
+ o

(
e−d/2n

)
; (4.10)

(ii) for the case with µ 6= 0, put M := qn
2µTµ+ enΣ, one has

LX∗n (∆(x]) =
∆d(2π)−(d−1)/2

√
detM

φ

(
‖(x− µen)M−1/2‖

√
en

)
+ o

(
e−d/2n

)
, (4.11)

where the remainder term o
(
e
−d/2
n

)
in both cases is uniform in x ∈ Rd, and in

∆ ∈ [∆L,∆R] with fixed 0 < ∆L < ∆R <∞.

The proof of Theorem 4.5 is long and hence will be given seperately in Section 4.3.

Remark 4.6. One can think of Theorem 4.4 as an extended version of the one-
dimensional Stone’s Theorem 2.18 and think of Theorem 4.5 as an extended version
of the multi-dimensional Stone’s Theorem 2.24. Both are extended in the sense
that they are applicable not only to a sum of i.i.d. terms, but also to the case
where the summands are independent but non-identically distributed: IrYr, where
Ir ∼ Bernoulli(πr), Yr are i.i.d. and all Ir and Yr are independent, cf. (4.4).

Remark 4.7. Since Theorem 4.4 is valid for any fixed ∆ > 0, together with
Remark 2.20, it is easy to see that Theorem 4.4 will also be valid when ∆ =

∆n → 0 sufficiently slowly as n → ∞. By the properties of densities, the RHS
of representations (4.8) and (4.9) have the same form as if the random variables
(X∗n − µen) /

√
µ2q2

n + σ2en had the density φ(·) + o(1), although the existence of
the density of X∗n is not assumed in the theorem.

2Note that the φ is Theorem 4.5 is still the univariate standard normal density. We don’t need
to introduce multivariate standard normal density φmulti since it can always be expressed through
the relation φmulti(t) = (2π)(d−1)/2φ(‖t‖), t ∈ Rd.
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Remark 4.8. If ∆ = ∆n grows, then the asymptotics of P(X∗n ∈ ∆(x]) can be
obtained by summing up the representations in Theorem 4.4 or Theorem 4.5 for,
say, ∆ = 1 (if ∆n → ∞ is integer-valued), cf. Remark 2.19. Thus the integral
theorem follows from the integro-local one but not vice versa.

Remark 4.9. The integro-local limit behaviour derived in Theorem 4.4 is consistent
with the integral limit behaviour derived in [28] (cf. Theorem 3.6) as it is expected
to be. One can see this consistency from Remark 3.7 which explains that, under
conditions of Theorem 3.6, we have πn � 1/n, whence en � lnn, as n→∞. Further,
one can see that Theorem 4.4 and 4.5 are refined in the sense that they can imply
Theorem 3.6 but not the vice versa.

4.3 Proofs of Theorem 4.4 and Theorem 4.5

This section contains two proofs: the former one for Theorem 4.4 and the latter
one for Theorem 4.5. Note that in both proofs, we use o(·) to indicate the little-oh
that is uniform in x and ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R < ∞, and
use ox(·) to indicate the little-oh that is uniform in ∆ ∈ [∆L,∆R] for any fixed
0 < ∆L < ∆R <∞, but depends on x. The same convention applies to O(·).

We first state two auxiliary assertions that will be used in both proofs.

Lemma 4.10 (Bernstein’s inequality). Let ζ1, . . . , ζn be a sequence of independent
random variables with zero mean and there exists an M < ∞ such that |ζi| ≤ M

a.s. for all i ≥ 1. Then, for all t > 0, one has

P

(
n∑
i=1

ζi > t

)
≤ exp

{
−

1
2
t2∑n

i=1 Eζ2
i + 1

3
Mt

}
(4.12)

A proof of this equality can be found in [12].

Lemma 4.11 (Lindeberg’s CLT). For a sequence of independent random variables
ζ1, ζ2, . . . with mean µi <∞ and variance σ2

i <∞, let q2
n :=

∑n
i=1 σ

2
i . If, for every

τ > 0, the following Lindeberg condition holds:

ιn :=
1

q2
n

n∑
i=1

E
[
(ζi − µi)2 · 1{|ζi−µi|>τqn}

]
→ 0 as n→∞, (4.13)

then limn→∞ P (Bn ≤ qnt+
∑n

i=1 µi) = Φ(t) for all t ∈ R, where Φ is the c.d.f. of
the standard normal distribution.



42 Chapter 4. Results

Remark 4.12. One can check that the Lindeberg condition (4.13) holds in our case
of ζk = Ik ∼ Bernoulli(πk): 0 ≤ ιn ≤ 1

τq3
n

∑n
i=1 E [(Ii − πi)3] = 1

τq3
n

∑n
i=1 πi(1 −

πi)(1−2πi) ≤ 1
τqn
→ 0 as n→∞. Hence, we have limn→∞ P (Bn ≤ qnt+ en) = Φ(t)

for all t ∈ R.

Remark 4.13. The CLT for the sums Bn of independent random indicators is of
interests of its own. Finner results were derived by, for example, Mikhailov [66],
from which limn→∞ P (Bn ≤ qnt+ en) = Φ(t) can be obtained as a consequence.

Both proofs start with splitting the sum on the RHS of (4.5) into two sub-
sums: over the domain k ∈ C0

n ∩ {0, . . . , n} and over the complementary set, where
C0
n := [en − anqn, en + anqn] for some an > 0. Recall from (4.7) that en := EBn and
q2
n := VarBn. The divergent sequence an will later be chosen such that P(Bn ∈
C0
n) =

∑
k∈C0

n,0≤k≤n
bn,k → 1 as n→∞. That is, for any x ∈ Rd and ∆ > 0, one has

LX∗n (∆(x]) =
∑

k∈C0
n, 0≤k≤n

bn,kF
∗k(∆(x]) +

∑
k/∈C0

n, 0≤k≤n

bn,kF
∗k(∆(x]). (4.14)

Proof of Theorem 4.4. The proof of Theorem 4.4 takes six steps. In Step 1 we
approximate the first sum in (4.14) using Stone’s Integral-local Theorem 2.18; in
Step 2 we show that the second sum in (4.14) is negligible compared to the first
sum; in Step 3 we “clean up” the summands and then obtain the desired result
(4.8) for the case with µ = 0; in Step 4 we approximate the coefficients bn,k using
Theorem 2.17 [65] (an extended version of Gnedenko’s Arithmetic local limit Theo-
rem 2.8 to the “non-identical case”); in Step 5 we do Riemann sum approximation
to get an integral expression; in Step 6 we employ the idea of convolution integrals
to obtain the desired result (4.9), which completes the proof.

Step 1. A natural first step is to approximate F ∗k(∆(x]) in the summands of
the first sum on the RHS of (4.14), since it is in the form of the local law in
the Stone Integral-local Theorem 2.18. This will become clearer if we formulate it
by considering a sequence of i.i.d. non-lattice random variables ξ1, . . . , ξk with law
F such that F ∗k(∆(x]) = P

(∑k
i=1 ξi ∈ ∆(x]

)
. Applying the Stone Integral-local

Theorem 2.18 to the sequence of non-lattice i.i.d. random variables {ξi−µ}i≥1 gives

P

(
k∑
i=1

ξi ∈ ∆(x]

)
=

∆

σ
√
k
φ

(
x− kµ
σ
√
k

)
+ o

(
1√
k

)
as k →∞, (4.15)

where the remainder term is uniform in x ∈ R and ∆ ∈ [∆L,∆R] for any fixed
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0 < ∆L < ∆R <∞. Substituting (4.15) back into (4.14), the sum-up error term is

∑
k∈C0

n, 0≤k≤n

bn,ko

(
1√
k

)
=

∑
k∈C0

n, 0≤k≤n

bn,ko

(
1
√
en

)
= o

(
1
√
en

)
(4.16)

if an will be chosen properly (in the next step) such that anqn = o(en), from which
one has k = en (1 + o(1)) ∀k ∈ C0

n and hence the first equality in (4.16) holds. The
second equality is simply due to

∑
0≤k≤n bn,k = 1.

Step 2. A natural second step is to choose an properly such that the sum over
{0, . . . , n}\C0

n on the RHS of (4.14) has a consistent order with the error term from
(4.16), i.e., o

(
en
−1/2

)
, when n→∞. First note that, for any x ∈ R and ∆ > 0, one

has
∑

k/∈C0
n, 0≤k≤n bn,kF

∗k(∆(x]) ≤
∑

k/∈C0
n, 0≤k≤n bn,k = P(Bn /∈ C0

n). By this upper
bound, by applying Bernstein’s inequality (4.12) in Lemma 4.10 to the sequence
Ii − πi with t := anqn and M := 1, one has

P(Bn /∈ C0
n) ≤ 2 exp

(
−a2

nq
2
n

2q2
n + 2

3
anqn

)
, (4.17)

where the RHS will have the desired order o
(
1/
√
en
)
if we choose

an := (1 + β)
√

ln en for some β > 0. (4.18)

One can check that, with this choice of an, the relation anqn = o(en) is satisfied and
hence (4.16) always holds. Combining (4.14) – (4.18) gives

LX∗n(∆(x]) =
∑

k∈C0
n, 0≤k≤n

bn,k
∆

σ
√
k
φ

(
x− kµ
σ
√
k

)
+ o

(
1
√
en

)
. (4.19)

Step 3. Approximate the two k’s in denominators on the RHS of (4.19) by en.
It is reasonable to do so because, as n → ∞, the width 2anqn of C0

n is negligible
compared to the location en of its center. We end up with the following error term:

ε1 :=
∑

k∈C0
n, 0≤k≤n

bn,k

[
∆

σ
√
k
φ

(
x− kµ
σ
√
k

)
− ∆

σ
√
en
φ

(
x− kµ
σ
√
en

)]
.

Lemma 4.14. The error term ε1 has order o
(
1/
√
en
)
as n→∞, uniform in x ∈ R

and in ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R <∞.

Proof of the Lemma. Suppose that we have already shown that the ratio R :=
∆
σ
√
k
φ
(

x
σ
√
k

)/
∆

σ
√
en
φ
(

x
σ
√
en

)
is 1 + o(1) for each k ∈ C0

n as n → ∞. Then ε1 =
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∑
k∈C0

n, 0≤k≤n bn,k
∆

σ
√
en
φ
(
x−kµ
σ
√
en

)
o(1) = o

(
1√
en

)∑
k∈C0

n, 0≤k≤n bn,kφ
(
x−kµ
σ
√
en

)
, where the

sum
∑

k∈C0
n, 0≤k≤n bn,kφ

(
x−kµ
σ
√
en

)
≤ 1 because

∑
k∈C0

n, 0≤k≤n bn,k = P(Bn ∈ C0
n) ≤ 1

with the coefficient of bn,k being φ
(
x−kµ
σ
√
en

)
≤ 1/

√
2π < 1 for each k. Hence it suffices

to show that R = 1 + o(1) as n → ∞. It turns out that the discussion of R will
depend on the value of x. A natural way is to split it into two cases: when x is inside
or outside the interval [µen−a2

nqn, µen +a2
nqn]. WLOG, we can assume that µ 6= 0.

Note that, for case when µ = 0, the interval to be used is [−a2
nqn, +a2

nqn], which
is centered at 0, but nothing else in the following argument needs to be changed.
Based on relations k = en +O(anqn) and anqn = o(en), we have

R =

√
en
k

exp

{
(x− kµ)2

2σ2

(
1

en
− 1

k

)}
=

√
en
k

exp

{
µ2

2σ2

(
x/µ

k
− 1

)2
k

en
(k − en)

}

=

√
en

en +O(anqn)
exp

{
µ2

2σ2

(
x/µ

en +O(anqn)
− 1

)2
en +O(anqn)

en
O(anqn)

}

= (1 + o(1)) exp

{(
x/µ

en +O(anqn)
− 1

)2

O(anqn)

}
,

where the last equality is due to en/(en +O(anqn)) = 1+o(1) and (en+O(anqn))/en =

1 + o(1) as n→∞.

Case 1: For x ∈ [µen−a2
nqn, µen+a2

nqn], we call the ratio R in this region R∈ and

one has the relation
(

x/µ
en+O(anqn)

− 1
)2

≤
(
en+a2

nqn/µ−en−O(anqn)
en+O(anqn)

)2

= Ox

(
a4
nq

2
n

e2n

)
which

implies R∈ = (1 + o(1)) exp
{
Ox

(
a5
nq

3
n

e2n

)}
. From Assumption 4.3 and the choice

(4.18) of an’s, for any x and ∆, we will have (a5
nq

3
n)/e2

n = O([ln en]5/2/
√
en) = o(1).

Hence, for those x ∈ [µen−a2
nqn, µen+a2

nqn], one hasR∈ = (1+o(1)) exp {Ox (o(1))} =

(1 + o(1))(1 + ox(1)) = 1 + ox(1) as desired, where the second equality is due to
exp {ox(1)} = 1 + ox(1).

Case 2: For the case when x /∈ [µen−a2
nqn, µen+a2

nqn], the discussion is simplier.
Since those x satisfy |x − µen|/qn ≥ a2

n, and hence φ
(
x−kµ
σ
√
en

)
= φ

(
x−kµ

σqn(1+o(1))

)
≤

φ
(
a2
nqn/µ−anqn
σqn(1+o(1))

)
≤ φ

(
a2
n

σµ(1+o(1))

)
= ox(1). Similarly, one has φ

(
x−kµ
σ
√
k

)
= ox(1).

Whence, we have ε1 = o(1/
√
en).

Combining these two cases gives us that ε1 = o(1/
√
en) uniformly in x ∈ R and in

∆ > 0. This completes the proof of Lemma 4.14.
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By Lemma 4.14, relation (4.19) has now been approximated by

LX∗n(∆(x]) =
∑

k∈C0
n, 0≤k≤n

bn,k
∆

σ
√
en
φ

(
x− kµ
σ
√
en

)
+ o

(
1
√
en

)
, (4.20)

where the error term is proven to be uniform in x ∈ R and in ∆ ∈ [∆L,∆R] for any
fixed 0 < ∆L < ∆R <∞.

One can observe from (4.20) that when µ = 0, the φ(·) term will not depend
on k. Hence the sum term becomes ∆

σ
√
en
φ
(

x
σ
√
en

)
P(Bn ∈ C0

n). But when n → ∞,
P(Bn ∈ C0

n) = 1 + o(1). Hence, in the case µ = 0, we simply have LX∗n(∆(x]) =
∆

σ
√
en
φ
(

x
σ
√
en

)
+ o

(
1√
en

)
by which we have obtained the result (4.8) in case (i).

From now on to the end of the proof, we will always assume that µ 6= 0.

Step 4. Next we approximate coefficients bn,k = P(Bn = k) in (4.20) using φ.
Since Bn is a sum of independent but non-identically distributed random indicators,
we apply Theorem 2.17 (with the shift parameter en and the scale parameter qn). In
order to obtain the limiting behaviour (2.33) from the Theorem, we need to firstly
check its conditions.

The first condtion (2.31) (about the domain of attraction) has already been
verified in Remark 4.12 and the second condition (2.32) can be verified as follows.
Since the p.m.f. pm in our case equals P(Im = k) = πm1{k=1} + (1− πm)1{k=0}, the
denominator in (2.32) becomes

∑n
m=1

∑
k∈Z[pm(k)∧pm(k+1)] =

∑n
m=1[(1−πm)∧πm]

for each n. But (1 − πm)πm ≤ (1 − πm) ∧ πm for all m, whence q2
n∑n

m=1[(1−πm)∧πm]
≤

1 for all n ≥ 1 (recall that q2
n :=

∑n
m=0(1 − πk)πk). By this we have verified

condition (2.32). Now we can apply the result (2.33) from Theorem 2.17 to get

P(Bn = k) =
1

qn
φ

(
k − en
qn

)
+ o

(
1

qn

)
as n→∞, (4.21)

where the error term is uniform in x. Combining (4.20) and (4.21) gives

LX∗n(∆(x]) =
∑

k∈C0
n, 0≤k≤n

1

qn
φ

(
k − en
qn

)
∆

σ
√
en
φ

(
x− kµ
σ
√
en

)
+ ε2 + o

(
1
√
en

)

where the error term is ε2 = o
(

1
qn

)∑
k∈C0

n, 0≤k≤n
∆

σ
√
en
φ
(
x−kµ
σ
√
en

)
.

Lemma 4.15. The error term ε2 has order o
(
1/
√
en
)
as n→∞, which is uniform

in x ∈ R and ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R <∞.

Proof of Lemma 4.15. Let Ξn :=
∑

k∈C0
n, 0≤k≤n

1
σ
√
en
φ
(
x−kµ
σ
√
en

)
. Since qn �

√
en
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(cf. Assumption 4.3), it suffices to show that Ξn = O(1) as n → ∞. By defining
hn := µ/(σ

√
en) and yn := x/(σ

√
en) one has

Ξn =
1

µ

∑
k∈C0

n, 0≤k≤n

hn φ (yn − khn) ≤ 1

µ

∞∑
k=−∞

hn φ (yn − khn) ,

where, for the inequality, we assumed that µ > 0. (If µ < 0, just take the absolute
value of Ξn).The key in this proof is the following property: for any z ∈ R and
h ∈ (0, 1/2), one has

φ(z) ≤ min
s∈[z−h,z]

φ(s) + min
s∈[z,z+h]

φ(s) (4.22)

which can be proved as follows. There are three cases of z:

Case 1: When z ≥ h, then z > z − h ≥ 0. Since φ is monotonically decreas-
ing in [0,∞), we know that φ(z) ≤ φ(s) for each s ∈ [z − h, z]. Then φ(z) ≤
mins∈[z−h,z] φ(s).

Case 2: When z ≤ −h, then by symmetry with Case 1 we have φ(z) ≤ φ(s) for
each s ∈ [z, z + h]. Then φ(z) ≤ mins∈[z,z+h] φ(s).

Case 3: When z ∈ (−h, h), then for any s ∈ [z − h, z + h]) one has |s| ≤ 2h.
Hence φ(s) ≥ φ(2h) = φ(0)e−2h2

> φ(0)/2 since e−2h2 ≥ 1/2 when |h| < 1/2. Also
φ(z) ≤ φ(0) always. Now one has φ(z) < 2 mins∈[z−h,z+h] φ(s) < mins∈[z−h,z] φ(s) +

mins∈[z,z+h] φ(s). By this we proved the property (4.22).

Since en → ∞ (cf. Assumption 4.2), there exists an N ≥ 1 such that for all
n ≥ N , hn ∈ (0, 1/2). Hence

hnφ(yn − khn) ≤hn min
s∈[yn−khn−hn, yn−khn]

φ(s) + hn min
s∈[yn−khn, yn−khn+hn]

φ(s)

≤
∫ yn−khn

yn−(k+1)hn

φ(s)ds+

∫ yn−(k−1)hn

yn−khn
φ(s)ds,

which implies

∞∑
k=−∞

hnφ(yn − khn) ≤
∞∑

k=−∞

∫ yn−khn

yn−(k+1)hn

φ(s)ds+
∞∑

k=−∞

∫ yn−(k−1)hn

yn−khn
φ(s)ds

=2

∫ ∞
−∞

φ(s)ds = 2.

Hence |Ξn| ≤ 2/|µ| for n ≥ N . This completes the proof of Lemma 4.15.
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By Lemma 4.15, the local probability has now been simplified to

LX∗n(∆(x]) =
∆

σ
√
en

∑
k∈C0

n, 0≤k≤n

1

qn
φ

(
k − en
qn

)
φ

(
x− kµ
σ
√
en

)
+ o

(
1
√
en

)
. (4.23)

Step 5. First notice that
∑ben+anqnc

k=den−anqne is equivalent to
∑

k∈C0
n∩{0,...,n}

, since 0 <

en−anqn < en+anqn < n by choice of an in (4.18). Define g (y) := φ
(
y − en

qn

)
φ
(
x−µqny
σ
√
en

)
such that g(k/qn) = φ

(
k−en
qn

)
φ
(
x−kµ
σ
√
en

)
in summands of (4.23). Since g is Rie-

mann integrable with repect to y, we can apply the left Riemann sum approx-
imation of g over the interval [den/qn − ane, ben/qn + anc+ 1/qn] with partition
P := {[den/qn−ane, den/qn−ane+1/qn), . . . , [ben/qn+anc, ben/qn+anc+1/qn)}
gives

ben/qn+anc∑
k/qn=den/qn−ane

g

(
k

qn

)
1

qn
=

ben/qn+anc+1/qn∫
den/qn−ane

g(y)dy +O

(
1

qn

)
as n→∞, (4.24)

where the error term comes from the fact that the error [30] [85] of the compos-
ite trapezoidal rule has magnitude O(a3

n/(anqn)2)g′′(z) for some z ∈ [den/qn −
ane, ben/qn+anc+1/qn], and the second derivative of g is bounded by C/q2

n for some
C < ∞. The integral on the RHS has nonnegative tail

∫ ben/qn+anc+1/qn
ben/qn+anc g(y)dy ≤

1/(2πqn), so the RHS of (4.24) can be simplified to
∫ ben/qn+anc
den/qn−ane g(y)dy +O

(
1
qn

)
.

To finish this step, the last thing we haven’t discuss is the error

ε3 :=

ben+anqnc∑
k=den−anqne

g

(
k

qn

)
1

qn
−

ben/qn+anc∑
k/qn=den/qn−ane

g

(
k

qn

)
1

qn

where −1 ≤ den − anqne/qn − den/qn − ane ≤ 1/qn and −1/qn ≤ ben + anqnc/qn −
den/qn + ane ≤ 1. As n → ∞, there are at most two terms that can’t be cancelled
out in the above two sums: one with the lowest index and the other with the highest
index. Since g(y) ≤ 1/(2π), by the triangle inequality one has |ε3| ≤

(
1

2π
+ 1

2π

)
1
qn

=

O
(

1
qn

)
as n→∞. Then we have

ben+anqnc∑
k=den−anqne

g

(
k

qn

)
1

qn
=

ben/qn+anc∫
den/qn−ane

g(y)dy +O

(
1

qn

)
as n→∞, (4.25)
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where the LHS equals
∑

k∈C0
n, 0≤k≤n

1
qn
φ
(
k−en
qn

)
φ
(
x−kµ
σ
√
en

)
. Hence, as n→∞,

LX∗n(∆[x)) =
∆

σ
√
en

ben/qn+anc∫
den/qn−ane

φ

(
y − en

qn

)
φ

(
x− µqny
σ
√
en

)
dy + o

(
1
√
en

)
. (4.26)

Step 6. To simplify the integral in (4.26) we note that it is in the form of a
convolution integral. To make it more obvious, we change the variables by letting
z := µqny − µen such that (4.26) becomes

LX∗n(∆[x)) =
∆

σ
√
en

∫
Cn
φ

(
z

µqn

)
φ

(
x− z − µen

σ
√
en

)
dz

µqn
+ o

(
1
√
en

)
, (4.27)

where the region of integration is

Cn := [ben/qn + ancµqn − µen, den/qn − aneµqn − µen] = [bancµqn, d−aneµqn],

which is asymptotically centered at 0 and extends to R as n → ∞. Let f1 and
f2 be the p.d.f.’s of independent random variables W1 ∼ N (0, µ2q2

n) and W2 ∼
N (µen, σ

2en), respectively. Then

f1 (z) =
1

µqn
φ

(
z

µqn

)
, f2(x− z) =

1

σ
√
en
φ

(
x− z − µen

σ
√
en

)
.

Hence

1

σ
√
en

∫
Cn
φ

(
z

µqn

)
φ

(
x− z − µen

σ
√
en

)
dz

µqn
=

∫
Cn
f1 (z) f2(x− z)dz

=

∫
R
f1 (z) f2(x− z)dz − ε4. (4.28)

Recognize the integral in the first term as the convolution p.d.f. f1 ∗ f2(x), which
gives the p.d.f. of W1 +W2 ∼ N (µen, µ

2q2
n + σ2en). That is,

∫
R
f1 (z) f2(x− z)dz = f1 ∗ f2(x) =

1√
µ2q2

n + σ2en
φ

(
x− µen√
µ2q2

n + σ2en

)
. (4.29)

And the error term is

ε4 :=

∫
R\Cn

f1 (z) f2(x− z)dz ≤ 1√
2π

∫
R\Cn

f1(z)dz ≤ 2√
2π

P (W1 ≥ (an − 1)µqn) .

But the tail probability on the RHS can be estimated in the following way (W. Feller
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[39], Section 7.1)3 :

P (W1 ≥ (an − 1)µqn) ≤ 1

an − 1

e−
1
2

(an−1)2

√
2π

,

where the term e−(an−1)2/2 � e−a
2
n/2 = e−(1+δ)2 ln en/2 = e

−(1+δ)2/2
n = o(1/en) as

n→∞. Hence the error term in (4.28) is ε4 = o(1/
√
en).

Combining (4.27) — (4.29) with our bound for ε4, we have

LX∗n(∆[x)) =
∆√

µ2q2
n + σ2en

φ

(
x− µen√
µ2q2

n + σ2en

)
+ o

(
1
√
en

)

which is exactly (4.9). We proved both cases of Theorem 4.4 .

The proof of the multi-dimensional case is as follows.

Proof of Theorem 4.5. This proof follows a similar argument to the previous
proof. Again, we start with relation (4.14).

Step 1. To approximate F ∗k(∆(x]) in the summands of the first part on the RHS of
relation (4.14), we can apply the multidimensional version of the Stone integro-local
Theorem 2.24 since we are assuming that all margins of F are non-lattice. Consider
a sequence of i.i.d. random vectors ξ1, ξ2, . . . with the common d-dimensional law F
such that F ∗k(∆(x]) = P

(∑k
i=1 ξi ∈ ∆(x]

)
. Applying the multi-dimensional Stone

Integro-Local Theorem 2.24 gives

P

(
k∑
i=1

ξi ∈ ∆(x]

)
=

∆d

kd/2
(2π)−(d−1)/2

√
det Σ

φ

(
‖(x− kµ)Σ−1/2‖√

k

)
+ o

(
k−d/2

)
(4.30)

as k →∞, where the error term is uniform in x ∈ R and ∆ ∈ [∆L,∆R] for any fixed
0 < ∆L < ∆R <∞.

Combining (4.14) and (4.30) results in the error term∑
k∈C0

n, 0≤k≤n

bn,ko
(
k−d/2

)
=

∑
k∈C0

n, 0≤k≤n

bn,ko
(
e−d/2n

)
= o

(
e−d/2n

)
, (4.31)

where the first relation will hold for an such that anqn = o(en) (by the same reason
as we discussed for (4.16)).

Step 2. This step of choosing the sequence an properly can be argued in exactly the
same way as in Step 2 of the last proof. Recall from (4.18) that an := (1+β)

√
ln en,

3A lower bound is also provided in [39]: P (W1 ≥ (an − 1)µqn) ≥
(

1
an−1 −

1
(an−1)3

)
e−

1
2
(an−1)2

√
2π

.
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for some β > 0. Then one has

LX∗n(∆(x]) =
∆d(2π)−(d−1)/2

√
det Σ

∑
k∈C0

n, 0≤k≤n

bn,k
kd/2

φ

(
‖(x− kµ)Σ−1/2‖√

k

)
+ o

(
e−d/2n

)
.

(4.32)

Step 3. To further approximate the main term in (4.32), we replace both k’s in the
denominators by en, which leads to the error term

ε1 :=
∆d(2π)−(d−1)/2

√
det Σ

∑
k∈C0

n, 0≤k≤n

bn,k
kd/2

φ

(
‖(x− kµ)Σ−1/2‖√

k

)
− bn,k
end/2

φ

(
‖(x− kµ)Σ−1/2‖

√
en

)
.

Lemma 4.16. The error term ε1 has order o
(
e
−d/2
n

)
as n→∞, uniform in x ∈ Rd

and in ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R <∞.

Proof of the Lemma. Set y := ‖(x− kµ)Σ−1/2‖. It suffices to show that, for each
k ∈ C0

n,

R̃ :=
k−d/2φ

(
y/
√
k
)

en−d/2φ
(
y/
√
en
) = 1 + o(1) as n→∞.

Since if this hold, then

ε1 =
∆d(2π)−(d−1)/2

√
det Σ

∑
k∈C0

n, 0≤k≤n

bn,k
end/2

φ

(
y
√
en

)(
R̃− 1

)
=o
(
en
−d/2) ∑

k∈C0
n, 0≤k≤n

bn,kφ

(
y
√
en

)
= o

(
en
−d/2)

as n → ∞, which is uniform in x and in ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L <

∆R <∞ as desired. The last relation above is due to
∑

k∈C0
n, 0≤k≤nbn,kφ

(
y/
√
en
)
≤∑

k∈C0
n
bn,k(2π)−1/2 ≤ (2π)−1/2P(Bn ∈ C0

n) = O(1) as n → ∞. However, as n → ∞,
the claim R̃ = 1 + o(1) can be directly obtained as a simple consequence of the
fact R = 1 + o(1) that we proved before in the proof of Lemma 4.14. Since for any
x ∈ Rd, the value of R evaluated at the corresponding y := ‖(x− kµ)Σ−1/2‖ equals

R̃y =
(en
k

)(d−1)/2

Rσy =

(
en

en +O(anqn)

)(d−1)/2

Rσy = (1 + o(1))Rσy,

where the last equality is due to anqn = o(en) by Assumption 4.3 and the choice of
an in Step 2. This completes the proof of Lemma 4.16.
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By Lemma 4.16, relation (4.32) can be further approxiamted by

LX∗n(∆[x)) =
∆d(2π)−(d−1)/2

√
det Σ

∑
k∈C0

n, 0≤k≤n

bn,k
end/2

φ

(
‖(x− kµ)Σ−1/2‖

√
en

)
+ o

(
e−d/2n

)
.

(4.33)
Observe from (4.33) that when µ = 0, the φ component in the summands on the
RHS will not depend on k. Then the local probability becomes

LX∗n(∆(x]) =
∆d(2π)−(d−1)/2

e
d/2
n

√
det Σ

φ

(
‖xΣ−1/2‖
√
en

)
P(Bn ∈ C0

n) + o
(
e−d/2n

)
.

When n→∞, P(Bn ∈ C0
n) = 1 + o(1). Hence, for the case µ = 0, we simply have

LX∗n (∆(x]) =
∆d(2π)−(d−1)/2

e
d/2
n

√
det Σ

φ

(
‖xΣ−1/2‖
√
en

)
+ o

(
e−d/2n

)
,

by which we have obtained the result (4.10) in case (i).

From now on to the end of the proof, we assume that µ 6= 0.

Step 4. Next we approximate bn,k = P(Bn = k) in (4.33) using φ (the 1-dimensional
standard normal density). Since bn,k is independent of F , exactly the same argument
as in the Step 4 in the proof of the one-dimensional Theorem 4.4 applies here. Recall
from (4.21) that, we have

P(Bn = k) =
1

qn
φ

(
k − en
qn

)
+ o

(
1

qn

)
as n→∞. (4.34)

Combining (4.33) and (4.34) gives

LX∗n(∆(x]) =
∆d(2π)−(d−1)/2

√
det Σ

∑
k∈C0

n, 0≤k≤n

1

qnend/2
φ

(
k − en
qn

)
φ

(
‖(x− kµ)Σ−1/2‖

√
en

)
+ ε2 + o

(
e−d/2n

)
with the error term

ε2 := o

(
1

qn

)
∆d(2π)−(d−1)/2

√
det Σ

∑
k∈C0

n, 0≤k≤n

1

end/2
φ

(
‖(x− kµ)Σ−1/2‖

√
en

)
.

Lemma 4.17. The error term ε2 has order o
(
e
−d/2
n

)
as n→∞, uniform in x ∈ R

and ∆ ∈ [∆L,∆R] for any fixed 0 < ∆L < ∆R <∞.
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Proof of the Lemma. It suffices to show that, as n→∞,

Un :=
∑

k∈C0
n, 0≤k≤n

1
√
en
φ

(
‖(x− kµ)Σ−1/2‖

√
en

)
= O(1),

uniformly in x. Since then ε2 = e
−d/2+1/2
n o(q−1

n )O(1) = o(en
−d/2) by Assumption 4.3,

and is uniform in ∆ in any bounded set. Comparing with the same step in the
proof of the one-dimensional case, the sum Un is nearly in the same form of Sn in
Lemma 4.15, except for the numerator inside φ. It turns out that we can directly
conclude that Un = O(1) from the proof of Lemma 4.15 if we can find an upper
bound for Un which is in the same form of the upper bound µ−1

∑
k∈Z hnφ(yn−khn)

of Sn in that proof. To find such an upper bound, we first use the reverse triangle
inequality ‖(x− kµ)Σ−1/2‖ ≥ ‖xΣ−1/2‖ − k‖µΣ−1/2‖ and the shape of φ to obatin
an upper bound which is in exactly the same form as Sn:

Un ≤
∑

k∈C0
n, 0≤k≤n

1
√
en
φ

(
‖xΣ−1/2‖
√
en

− k‖µΣ−1/2‖
√
en

)
.

Now, by defining h̃n := ‖µΣ−1/2‖/√en and ỹn := ‖xΣ−1/2‖/√en, the upper bound
becomes ‖µΣ−1/2‖−1

∑
k∈Z h̃nφ(ỹn−kh̃n), for which all the arguments in the proof of

Lemma 4.15 apply in exactly the same way. This completes the proof of Lemma 4.17.

By Lemma 4.17, the local probability is now simplified to

LX∗n(∆(x]) =
∆d(2π)−

d−1
2

end/2
√

det Σ

∑
k∈C0

n, 0≤k≤n

1

qn
φ

(
k − en
qn

)
φ

(
‖(x− kµ)Σ−

1
2‖

√
en

)
+o
(
e
− d

2
n

)
.

(4.35)

Step 5. We can now do the Riemann sum approximation. Again, we can make use
of the ideas in Step 5 in the proof of the one-dimensional case. Notice that in
that Step 5 (1-dim), the only special thing required about g is that g is Riemann
integrable, with second derivative bounded by C/q2

n for some C < ∞, and g(k/qn)

matches with the φ-product in summands. So if we define a function g̃ by

g̃(y) := φ

(
y − en

qn

)
φ

(
‖(x− µqny)Σ−

1
2‖

√
en

)
,

so that g̃ is Riemann integrable over R, with small second derivative in the sense
described above, and g̃(k/qn) matches with the φ-product in the summands of (4.35),
then all ideas in (4.24) — (4.25) in the one-dimensional proof appling in exactly the
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same way to g̃. Hence we will have

LX∗n(∆(x]) =
∆d(2π)−

d−1
2

end/2
√

det Σ

ben/qn+anc∫
den/qn−ane

φ

(
y − en

qn

)
φ

(
‖(x− µqny)Σ−

1
2‖

√
en

)
dy+o

(
e
− d

2
n

)
.

(4.36)

Step 6. Convolution. By changing the variables z := qny − en, we normalize the re-
gion of integration in a way such that the region of integratoion C̃n = [d−aneqn, bancqn]

will expand to R as n→∞, and (4.36) becomes

LX∗n(∆(x]) =
∆d(2π)−

d−1
2

end/2
√

det Σ

∫
C̃n
φ

(
z

qn

)
φ

(
‖(x− µz − µen)Σ−

1
2‖

√
en

)
dz

qn
+ o

(
e
− d

2
n

)
.

(4.37)
Let f̃1 be the density of a random variable W̃1 ∼ N (0, q2

n), and let f̃2 be the density
of a random vector W̃2 ∼ Nd(µen, enΣ) that is independent of W̃1. Then

f̃1(z) =
1

qn
φ

(
z

qn

)
, f̃2(x− µz) =

(2π)−(d−1)/2

end/2
√

det Σ
φ

(
‖(x− µz − µen)Σ−1/2‖

√
en

)
,

and hence

LX∗n (∆(x]) =∆d

∫
C̃n
f̃1(z)f̃2(x− µz)dz + o

(
e
− d

2
n

)
=∆d

∫
R
f̃1(z)f̃2(x− µz)dz −∆dε4 + o

(
e
− d

2
n

)
, (4.38)

where the error term

ε4 :=

∫
R\C̃n

f̃1(z)f̃2(x− µz)dz ≤ 1

(2πen)d/2
√

det Σ

∫
R\C̃n

f̃1(z)dz

≤ 2

(2πen)d/2
√

det Σ
P
(
W̃1 ≥ (an − 1)qn

)
,

where (an− 1)qn comes from the smallest possible right endpoint of C̃n. Recall that
an := (1 + β)

√
ln en for some β > 0 from Step 2. That tail probability can be

estimated in the following way (W. Feller [39], Section 7.1):

P
(
W̃1 ≥ (an − 1)qn

)
≤ 1

an − 1

e−
1
2

(an−1)2

√
2π

� e
−(1+δ)2/2
n

ln en
= o

(
1

en

)

as n → ∞. Hence ε4 = o
(
e
−d/2−1
n

)
= o

(
e
−d/2
n

)
. As for the integral in (4.38), it

is in a “LOTP” form of the density of the random vector µW̃1 + W̃2 which is a



54 Chapter 4. Results

sum of two independent normal random vectors of the same dimensionality d, where
µW̃1 ∼ N (0, qn

2µTµ). It can be proven by the method of ch.f.’s that the normality
is preserved, and the mean and covariance matrix is as follows:

µW̃1 + W̃2 ∼ Nd (µen,M ) , where M := qn
2µTµ+ enΣ.

Hence the integral in (4.38) becomes∫
R
f̃1(z)f̃2(x− µz)dz =

1

(2π)d/2
√

detM
exp

{
− [x− µen]M−1[x− µen]T

2en

}
=

1

(2π)(d−1)/2
√

detM
φ

(
‖(x− µen)M−1/2‖

√
en

)
,

where M−1/2 is the principle root of M−1 whose existence is guaranteed by the
positive definiteness of M . Hence (4.38) has been simplified to

LX∗n (∆(x]) =
∆d

(2π)(d−1)/2
√

detM
φ

(
‖(x− µen)M−1/2‖

√
en

)
+ o

(
e−d/2n

)
by which we have proved the second case of Theorem 4.5.

4.4 Local Limit Theorems for lattice X∗
n

For the location X∗n of the “mother” chosen at time step n + 1, in the case when
each margin of F is lattice, we derive the following results for the limiting behaviour
of its local probabilities: the one-dimensional case in Theorem 4.18; the higher-
dimensional case in Theorem 4.19.

WLOG, we only state results for the arithmetic case of F , since one can al-
ways transform a lattice random variable to an arithmetic one by the simple linear
transformation given in Remark 2.7.

Theorem 4.18 (the one-dimensional arithmetic case). Let the law F be arithmetic
with mean µ < ∞ and variance σ2 < ∞. Under Assumptions 4.1 — 4.3, the local
probability PX∗n(x) := P(X∗n = x) of X∗n ∈ R has the following asymptotic behaviour:

(i) for the case with µ = 0, one has

PX∗n(x) =
1

σ
√
en
φ

(
x

σ
√
en

)
+ o

(
1
√
en

)
; (4.39)
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(ii) for the case with µ 6= 0, one has

PX∗n(x) =
1√

µ2q2
n + σ2en

φ

(
x− µen√
µ2q2

n + σ2en

)
+ o

(
1
√
en

)
, (4.40)

where the remainder term o
(
1/
√
en
)
in both cases is uniform in x ∈ Z.

Proof. The proof follows exactly the same argument as in the proof of Theorem 4.4
given in Section 4.3, except for Step 1. In the current case where we have arithmetic
F , we need to start with applying Gendenko’s Theorem 2.8 instead of the Stone’s
Theorem 2.18, which will give us

P

(
k∑
i=1

ξi = x

)
=

1

σ
√
k
φ

(
x− kµ
σ
√
k

)
+ o

(
1√
k

)
as k →∞

uniformly in x ∈ Z. If one compares the RHS of this relation with the RHS of
(4.15), one finds that they are the same up to the positive constant ∆. Hence, every
step after (4.15) in the previous proof can be equally applied to the current proof
up to this factor ∆. Finally, one will obtain (4.8) and (4.9).

Theorem 4.19 (the d-dimensional arithmetic case). Let the law F has each margin
only taking integer values and the p.m.f. P corresponding to F satisfies Assump-
tion 2.3. Let the mean vector µ and covariance matrix Σ (corresponding to the law
F ) have all entries being finite. Assume Σ is non-singular (i.e., Σ−1 exists), to-
gether with Assumptions 4.1 —4.3, the local probability PX∗n (x) := P(X∗n = x) has
the following asymptotic behaviour:

(i) for the case with µ = 0, one has

PX∗n (x) =
(2π)−(d−1)/2

e
d/2
n

√
det Σ

φ

(
‖xΣ−1/2‖
√
en

)
+ o

(
e−d/2n

)
; (4.41)

(ii) for the case with µ 6= 0, put M := qn
2µTµ+ enΣ, one has

PX∗n (x) =
(2π)−(d−1)/2

√
detM

φ

(
‖(x− µen)M−1/2‖

√
en

)
+ o

(
e−d/2n

)
, (4.42)

where the remainder term o
(
e
−d/2
n

)
in both cases is uniform in x ∈ Zd.
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Proof. The proof follows exactly the same argument as in the proof of Theorem 4.5
given in Section 4.3, except for Step 1. In the current case where we have F
with each margin being arithmetic, we need to start with applying Rvačeva’s The-
orem 2.14 instead of the Stone’s Theorem 2.24, which will give us

P

(
k∑
i=1

ξi = x

)
=

(2π)−(d−1)/2

kd/2
√

det Σ
φ

(
‖(x− kµ)Σ−1/2‖√

k

)
+ o

(
k−d/2

)
uniformly in x ∈ Zd. If one compares the RHS of this relation with the RHS of
(4.30), one finds that they are the same up to a positive constant scale ∆d. Hence,
every step after (4.30) in the previous proof can be equally applied to the current
proof up to a scale ∆d. Finally, one will obtain (4.10) and (4.11).

4.5 Local Limit Theorems for combination of lattice

and non-lattice X∗
n

Let ξ be a random vector in Rd with distribution F . In Section 4.2 and 4.4, we
considered two cases: when ξ has all d coordinates being non-lattice, when ξ has
all d coordinates being lattice. There is one more case can happen: when ξ has l
coordinates being non-lattice and d− l coordinates being lattice, where 1 ≤ l < d.

WLOG, by virtue of Proposition 2.25, we can focus on the case when the first l
coordinates of ξ are non-lattice and the remaining d− l coordinates are arithmetic.

Theorem 4.20 (the combination of lattice and non-lattice). Let the law F has
the distribution described above. Let the mean vector µ and covariance matrix Σ

(corresponding to the law F ) have all entries being finite. Assume Σ is non-singular
(i.e., Σ−1 exists), together with Assumptions 4.1 —4.3, then for the following direct
product of half-open intervals in Rd

∆l(x] :=
l∏

j=1

(xj, xj + ∆]
d∏

j=l+1

(xj, xj + 1], for x = [x1, . . . , xd],

the local law LX∗n (∆l(x]) = P(X∗n ∈ ∆l(x]) has the following asymptotic behaviour:

(i) for the case with µ = 0, one has

LX∗n (∆l(x]) =
∆l(2π)−(d−1)/2

e
d/2
n

√
det Σ

φ

(
‖xΣ−1/2‖
√
en

)
+ o

(
e−d/2n

)
; (4.43)
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(ii) for the case with µ 6= 0, put M := qn
2µTµ+ enΣ, one has

LX∗n (∆l(x]) =
∆l(2π)−(d−1)/2

√
detM

φ

(
‖(x− µen)M−1/2‖

√
en

)
+ o

(
e−d/2n

)
, (4.44)

where the remainder term o
(
e
−d/2
n

)
in both cases is uniform in x ∈ Rd, and in

∆ ∈ [∆L,∆R] with fixed 0 < ∆L < ∆R <∞.

Proof. The proof follows exactly the same argument as in the proof of Theorem 4.5
given in Section 4.3, except for Step 1. In the current case where F is a combination
of lattice and non-lattice distribution, we need to start with applying the refined
Stone’s Theorem 2.26 instead of the original Stone’s Theorem 2.24, which will give
us

P

(
k∑
i=1

ξi ∈ ∆l(x]

)
=

∆l(2π)−(d−1)/2

kd/2
√

det Σ
φ

(
‖(x− kµ)Σ−1/2‖√

k

)
+ o

(
k−d/2

)
uniformly in x ∈ Rd and ∆ ∈ [∆L,∆R] with fixed 0 < ∆L < ∆R < ∞. If one
compares the RHS of this relation with the RHS of (4.30), one finds that they are
the same up to a positive constant factor. Hence every step after (4.30) in the
previous proof can be equally applied to the current proof up to a constant factor.
Finally, one will obtain (4.43) and (4.44).
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[78] Petrov, V. V. (1961). Asimptotičeskĭı analiz nekotoryh predel’nyh teorem teorii
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177–191.

[101] Thomas, M. (1949). A generalization of Poisson’s binomial limit for use in ecology.
Biometrika, 36, 18.

[102] Thompson, H. R. (1954). A note on contagious distributions. Biometrika, 41, 268–
271.

[103] Tyurin, I. S. (2010). Refinement of the upper bounds of the constants in Lyapunov’s
theorem. Uspekhi Mat. Nauk, 65(393), 201–202.

[104] von Mises, R. (1931). Vorlesungen aus dem Gebiete der angewandten Mathematik
(Vol. 1). Leipzig–Wien.

[105] von Mises, R. (1934). Generalizzazione di un teorema sulla probabilita della somma
di un numera illimitato di variabili casuali. Giorn. Ist. Ital. Attuari, 5, 483–495.



Index of Notation

Spaces and Operations

Rd d-dimensional Euclidean space.
N set of positive integers {1, 2, 3, . . . }.
vT the transpose of (row) vector v.
‖v‖ the Euclidean norm of (row) vector v.
detA the determinate of matrix A.
A−1 the inverse matrix of matrix A.
A1/2 the principal square root matrix of matrix A.

Distributions and Functions

δa the degenerate distribution at point a in Rd.
Unif[a, b] the (continuous) uniform distribution over the straight line segment con-

necting points a and b in Rd.
N (µ, σ2) the normal (Gaussian) distribution with parameters (µ, σ2).
Φ(·) the distribution function of the standard normal law in R.
φ(·) the density of the standard normal law in R.
F ∗k k-fold convolution of F with itself.
F (k−) the limit of F (x) when x approaches k from the left, written as limx→k− F (x).
ln (·) the natural logarithm function.
1E indicator function of set E.
a ∧ b notation a ∧ b means take the minimum one from a and b.

Relations

:= defining equality.
� notation an � bn means that there ∃C,D > 0: C|an| ≤ |bn| ≤ D|an|.
o(·) notation an = o(bn) means that limn→∞

an
bn

= 0.
ox(·) notation an = ox(bn) means that limn→∞

an
bn

= 0 non-uniformly in x.
O(·) notation an = O(bn) means that limn→∞

an
bn
<∞.
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Ox(·) notation an = Ox(bn) means that limn→∞
an
bn
<∞ non-uniformly in x.

∼ means that the random variable on the LHS is distributed as the distri-
bution on the RHS.

p−→ convergence of random variables in probability.
⇒ weak convergence of random variables (distributions).

Abbreviations

i.i.d. independent and identically distributed.
ch.f. characteristic function.
p.g.f. probability generating function.
p.m.f. probability mass function.
p.d.f. probability density function.
LOTP law of total probability.
LLN Law of Large numbers.
ILT Integral Limit Theorem.
LLT Local Limit Theorem.
I-LLT Integro-Local Limit Theorem.
MCT Monotone Convergence Theorem.
DCT Dominated Convergence Theorem.
WLOG without loss of generality.
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